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TARGETS 


By J. B. 8S. HALDANE 
(Department of Biometry, University College, London) 


Most boys, and many girls, are familiar with targets. All of them find 
geometrical probability difficult. And if they ever come across the normal 
probability distribution, they find the appearance of (27)-+ in the formula 
surprising, and the proof somewhat artificial. While an adequate treatment 
of geometrical probability involves a good deal of integration, the elements 
of target design do not. 

Let us define “‘ a fair target ’’ as one in which the boundary between two 
zones, say “‘ inners ’’ and “ outers ’’, is the locus of points in whose neighbour- 
hood the probabilities of a hit are equal. Or if we imagine a large number 
of small projectiles piled up on the target to form a solid, the zonal boundaries 
are the contour lines of its surface. This reduces the problem of finding the 
boundaries to a simple problem in loci. It is easy to show that boundaries 
so defined are efficient, in the sense that, if the probability of a hit within any 
boundary is p, any other boundary enclosing an area in which the probability 
of a hit is p will have a larger area than that defined above. 

Suppose that x measures errors to the right and left, while y measures 
errors up and down; the simplest problems arise when these errors are sym- 
metrically distributed, and errors of a given magnitude in the horizontal and 
vertical directions are equiprobable. Then if the probability of a horizontal 
error between x and x + 6x is f (x) dx, that of a vertical error between y and 
y + dy is f (y*) d8y. So the equation for a zonal boundary is 

f(x") f(y?) =C, 
where C has the dimension L-*. The simplest form of f(x?) is perhaps 
a~*(a—|2x|) for -a<x<a, which implies that errors never exceed a. The 
whole target is then a square, and each zonal boundary consists of four arcs 
of rectangular hyperbolae 
A 
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(a—|2x|)(a-|y |)=Cat. 
Similarly if 
ea Il 


f (x) 


2a 


the zonal boundaries are squares whose diagonals are the axes; while if 
f(x) =a/2(a + a)? they are ares of the hyperbolae (2 + a)(y + a) tA, 
If, however, 


3 (a? — x?) 


f(x) =- =, (°<ea*), t 


4a’ 


the outer boundaries approximate to squares if almost every shot is allowed 
some score, while the bull’s eye is almost circular if the probability of hitting 
it is small. 

Thus one can lead up to the problem ‘‘ What is the form of f(x) for which 
the ‘ fair’ zonal boundaries are circles, as on most targets?” It is easy to 


show that 


—z3 


f(x) « e2% or a-2’, 


is a correct form. It is, of course, much harder to prove rigorously that it is 
the only correct form which is a continuous function. Without any higher 
mathematics one can then show how quickly f(x) falls off when z is large. 

One can next consider the case where f,(x) and f,(y) are different functions, 
but still independent. Clearly, if 2 and y have independent normal distribu- 
tions with different standard deviations the zonal boundaries are ellipses. 
This is roughly true in aerial bombardment where a pilot may be able to fly 
directly over his target, but has difficulty in releasing bombs at the appro- 
priate time. Finally one can deal briefly with the case where the errors in the 
x and y directions are not independent (as when OX is east and OY north 
while the plane is flying north-east), thus introducing the notion of correla- 
tion. However, I think correlation is best introduced by the contemplation 
of shoes, whose breadth is almost known when their length is given; but 
that is another story. 

For pupils who can integrate, the normal distribution in two dimensions is 
vastly simpler than in one dimension. It is not hard to show that, given that 
‘“‘ fair targets’ are circular, and therefore the distributions of x and y are 
normal with the same standard deviations, we can choose a scale of 


r= (x? + y?)t, 
so that the probability of a hit within distance r of the mark is 


r 
{; ue—iw® du=1—e-}”". 


So if we divide our target into a bull’s eye and two surrounding zones into 
each of which 25 per cent of the missiles will impinge, the radii of their boun- 
daries must be as 

(log 4)4 : (log 2)! : (log 4), 
or 1: 1-552 : 2-195, 
while if we are to expect equal frequencies of bull’s eyes, inners, magpies, 
outers, and misses, the radii should be as 1 : 1-513 : 2-025 : 2-686. Similarly 
if the radii of three zones are as 1: 3: 5, as on some targets, the frequencies 
of bull’s eyes, inners and outers will be as 


l-p:p—p*: p®*-p*. 
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At about this point an intelligent pupil will realize almost intuitively that, 
since the probability of making a hit in a narrow zone whose area is 2zrdr'is 
a simple function of r, the corresponding one-dimensional probability will 
have V2z in its denominator. This is in fact quite natural if the definition of 
a normal distribution is based on the circularity of boundaries. He or she 
will also be prepared to see the Maxwellian distribution of gas molecule 
velocities as the distribution of hits in a three-dimensional target. 

In fact he or she will find several of the fundamental notions of statistics, 
biometry, and statistical mechanics, relatively simple ; whereas a good deal 
of elementary geometrical probability theory has but little relevance to 
science. It is in the interests of my possible future pupils that I enter this 
plea for the study of targets at school, not as a mere source for problems 
(though it is a quite fruitful one. For example : 

1. If vertical and lateral errors have independent normal distributions 
with unequal standard errors, show how a target with circular boun- 
daries can be made fair by inclining it to the line of fire. 

2. If objects are dropped on a target so that the errors north and south, 
east and west, are independent, and accumulate to form a hill with 
circular contours, show that approximately §{ of the volume of the 
hill is included within the contour at which the slope is steepest ; and 
determine the error of this approximation. 

3. If the probability that an object will fall 2 feet north or south of a mark 
is proportional to a — 2 so long as this is positive, and the probability 
that it will fall x feet east or west is the same, what is the smallest 
area within which just half the objects will be expected to fall?), 

but as a topic which can be taught in such a way as to prepare its learners 
for future studies. 


J.B.S.H. 


GLEANINGS FAR AND NEAR. 


1803. It was then that he stopped, right in the middle of a very important 
and promising piece of work. His colleagues appeared to him as inexorably 
maniacal public-prosecutors and chief detective-inspectors of logic, partly as 
opium-addicts and eaters of a strange pallid drug that populated their world 
with a vision of figures and abstract relations. ‘* Good heavens! ”’ he thought 
to himself, *‘ surely I can never have meant to spend the whole of my life as a 
mathematician? ’—Robert Musie, The Man without Qualities. [Per Cmdr. 
EK. R. Dawson. ] 

1804. If the realization of primordial dreams is flying, travelling with the 
fishes, boring one’s way under the bodies of mountain-giants, sending messages 
with god-like swiftness, seeing what is invisible and what is in the distance and 
hearing its voice, hearing the dead speak, having oneself put into a wonder- 
working healing sleep, being able to behold with living eyes what one will 
look like twenty years after one’s death, in glimmering nights to know a 
thousand things that are above and below this world, things that no one ever 
knew before, if light, warmth, power, enjoyment, and comfort are man’s 
primordial dreams, then modern science is not only science but magic, a ritual 
involving the highest powers of heart and brain, before which God opens one 
fold after another of His mantle, a religion whose dogma is permeated and 
sustained by the hard, courageous, mobile, knife-cold, knife-sharp mode of 
thought that is mathematics.—Robert Musie, The Man without Qualities. 
[Per Cmdr. E. R. Dawson. ] 
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THE PRODUCT OF TWO SERIES 
By A. W. SIDDONs. 


THE following is a useful introduction to the proof of the theorem about the 
product of two series. 


(1) Let U, =U, +Uet+... +4, 
and Vi =U t Ugt... +, 
be two convergent series of real positive terms, and let U,>+U, V,>V as 
roo. Consider the series o,+ 02+ 0,+... obtained by multiplying the wu and 
v series together as below. 


U, + Ug + Ug + Ug tT Us +t Ug +t Uz t+... 
yp Be FOr Oe eT MT Mr oe Ft 
UV + Ugly + UgVy + Ugly + Usd, + Ugly + Uzr, 
U Vg + Ugls + Ugg + Ue + Usgvg + Ugvat... 
UUs + Ugds + Ugls + Ugly + Usvs 4 
UV, + Ugg + Ugg t+ Ugg t+... 
UU, + Ugls + UgUs +... 
U1Ve + Ug, + 
Uyv,+. 


Oy, + Gg + Op + Oy + Og + Og HF Oy Foc 
Let 2, be the sum of the first 7 terms of the series. We want to demonstrate 


how 2,>UV asr>o. 
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Take a pair of rectangular axes; along Ox measure lengths OA,, A,A,, 
A,Ag,... equal to Uy, Uy, Us,... respectively ; along Oy measure lengths 
OB,, B,B,, BBs, ... equal to v,, v2, vs, -.. respectively. Then OA, = U,, OB,= V,. 
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Through each of the B’s draw a line parallel to Ox and through each of the 
A’saline parallel to Oy ; letter the points of intersection as in fig. (i). U,x V; 
is represented by the area OA,MB, (enclosed by the dotted line and the axes) ; 

out the 2; is represented by the area OA,CcD... KB, (enclosed by the thick line and 
the axes). This is easily seen from the above scheme of multiplication : 


2,=0,U0,+0,U0,+...+0,U. 


Thus U,V,—- 2; is represented by the area between the thick and dotted lines ; 
we will show that if we take a large number of terms, instead of 7, this area 
tends to zero. 

Divide this area into two parts by the horizontal line /’N through B, (the 
line indicated in the figure by an arrow). (N.B. We choose Bb, because the 
fourth is the middle of seven terms ; in considering the case where there are 
n terms, the dividing line must pass through B,, where q is somewhere near 
hn ). 

The area NFGHKM<area NB,B,M (shaded horizontally); that is, area 


NFGHKM <OA,. B,B;. 


—V as 
\ 
eu and 


Q 


Similarly, 
the area CcDEFN< area A,A,FN (shaded vertically) 
that is, area CcDEFN < OB, .A,A;. 


Suppose now we are given a small positive number e. We choose m large 
enough to ensure that 
mstrate Vam-1 — Vinx €/2U, Uan-1—- Um<e/2V. 


We can do this, since U, and V, are convergent. Imagine the construction of 
fig. (i) to be continued as far as A,,,_, along Ox and B,,,_, along Oy. Then the 
horizontally shaded aree 


2m 


2m i(I 2m-1 ~ Fa) 


l 
at 2 ,¢/2U 
3 


2m 
“ < 3e, since U,,,_,< U. 
The vertically shaded area 
J 2m (Uam :~ l a 
: ate 
Vam-1(€/2V) 
< te, since V,,,_41< V. 
But Uemn-1V am-1 — 2am-1< the whole shaded area, 
hence DT nV te ct Sigg ees 
Thus 2, UV, when n is odd. 
; We can extend the argument to the case when n is even, taking m=4n. It 
follows that 
Z,2>UV asn->o. 
(ii) Let w,, us, Us, ... be a monotonic decreasing sequence of positive terms 
- such that 
U, = Uy — Ug t+ Us — Ug t+...U, 
is convergent, and let 
» A\Ay V = Uy +g tg +...0, 
lengths 


B.=V be a convergent series of positive terms. 
r e 
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Fig. (ii) shows the result of carrying out the same construction as in (i), and} 
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again the difference between U,V, and 2, is less than the shaded area, A 
similar, but not identical, argument can be used to show that, as n increases, 
the shaded area tends to zero, and again 


2,2>UV as n->oo. 


It is of course essential that the terms of U, and 2, are taken in the order | 
corresponding to the multiplication table in (i). 


(iii) Let Uy — Ug t Ug — wey VE — Vet U3 — «ee 


be two semi-convergent series, all the u's and v’s being real positive numbers. 
Make the same construction as before (see Fig. iii). 

U,V, is represented by the area enclosed by the dotted line and the axes. 
2, is more difficult ; some of the rectangles have to be reckoned several times 
over, sometimes positive and sometimes negative, the numbers in the several } 
rectangles indicating the number of times they have to be taken positively 
(or, more accurately, the number of times positively minus the number of 
times negatively). If we take a large number of terms instead of 7, most of 
these rectangles become small, but they will have to be taken a large number | 
of times. Therefore all we can say about the difference between U,,V,, and 
2, is that it is represented by an area which may be large, finite or small. 

The argument required to demonstrate the convergence of 2, from this 
figure is now too involved to have any practical value and is bound to involve 
the absolute convergence of the two given series. The figure merely serves to 
show the difficulties which can arise when the terms of the two given series are 
not all positive. A.W.S 


fi. o bye 


al 
Pp 


W 





(i), and) 


rea, <A 
creases, 


1e order | 


umbers. 


he axes, 
al times 
. several } 
sitively 
mber of 
most of 
number } 
LV, and 
mall. 
om this 
involve 
erves to 
ries are 
A.W.S. 


INEQUALITIES FOR POLYNOMIALS a 
SOME ELEMENTARY INEQUALITIES FOR POLYNOMIALS 
By W. W. RoGosINsKI 


1. In this note we consider polynomials of a real variable « and of degree 
at most n, 
P(X) = Wg FGOyVF occ FOAM. sesccseevecesescesserseoees (1.1) 
The coefficients a, may be complex. We are given a “ mass distribution ” 
k A a 5 
that is, a set of nm + 1 real numbers x;, 0<i<n, such that 


and a set of n+ 1 non-negative masses M, attached to them. Our polynomials 
p(x) are then subject to the restriction 

ate) el COSA) S cccciccenscrvarescccencnmacee (1.3) 
Practically the only tool we use in our discussion is the classical inter- 
polation formula of Lagrange (in differentiated form), 


2 


n . 
p®(x)= J P(%;) gas) LS, ) er (2.1) 
i=0 9; (%;) 
where 

p”(x)=p(x) and g;(x)= I (x-2;). 
jFi 

Nor shall we employ any elaborate special calculation. Nevertheless, we 
shall obtain several surprisingly general results. These will contain as very 
special cases some of the now classical inequalities {| concerning real poly- 
nomials p(x) for which | p(x) | <1 ifa<1; results which are mainly connected 
with the names of the Russian mathematicians Tchebychef, the brothers A. 
and W. Markoff, and S. Bernstein. After a careful scrutiny of the extensive 
literature of these problems, it seems to me that, curiously enough, the present 
elementary approach has escaped the attention of the earlier writers. 

3. We first note that, with the notation of (2.1), 


SAGE) C= TE.  sccccrocqeaseveeuseconowmess (3.1) 


We obtain, from (1.3) and (2.1), 
n M, 
MH(x) |< D ; SE Nass | eer er er rrr (3.2) 
nt Saal 3 
If x= € is given, then equality holds if p(x)=» P(x; &, k), where | 7 |=1 and 
P is the uniquely determined real polynomial P of degree at most n for which 


P(x,;)=(- 1)"~‘ sign {9; (&) Rs (ORGS) Seccecscrcnece (3.3) 


it holds for these p(x) only, provided that g,“(é) #0 for alli. Now all the g; (x) 
have their roots in the closed interval <2», 2,,>, and hence all the g,;“ (a), 
with 1 <k<n, have their roots in the open interval (x9, 2,,). We thus obtain 





THEeorEM I. If x is outside the open interval (ao, x,), then 


be) | POG) | (OREN), cc ccosnsaccnoaceonsnes (3.4) 
where the ‘“* extremal polynomial” P(x) is determined by 
Pe) =(— DE. (ORG Re. casecencssccecacecinesd (3.5) 


Equality holds only when p(x)=nP(«), |n|=1; provided, in the case k=0, 
that x 4X, and x #2,. 


t Compare Polya Szegé ; see references, pp. 75-97. 








8 THE MATHEMATICAL GAZETTE 


Remarks. (i) Note that all P“)(x)>0 for x>z2,,. 
(ii) In the case of a “* Tchebychef distribution ” 
2,.=cos {(m—s)ai/n}, M=t, (OS8 EN). 2..iccccccscccces (3.6) 


we have P(x) =T', (x) where T', (x) is the nth Tchebychef polynomial 


n 


n 
THe ONS, CONS HF Fv vcsccccscensveces (3.7) 
0 
or, explicitly, 
T(x) =4f fae + Va? — 1) "+ fa — f(a? =) J] wees (3.8) 
In - \k . 
in] (— 1)*n 4 *) (any oe 
p-0 2(n — k) k 


whence, if «> 1, 
T,,(x)=coshn3, cosh3=2. 
On using the distribution (3.6), I Schur {t obtained (3.4), in the classical case 
where | p(x) | <1 for | x|<1, in the form 
| p(x) | <| 7, (x) |, for |a|>1. 


Corollaries. (i) We write 


n 
Ps, cassidecacccpenacdscosieaaseteuton (3.9) 
0 
Then 
TG VRE he: Sendidesasescvesmaalcsstevecnacceanes (3.10) 


Equality holds only for p(x)=7P(x), |y|=1. This is the case k=n of (3.4). 
In the classical case, this is Tchebychef’s inequality § | a, |<2"-!, n>1. 
(ii) If 0 is outside (xo, x,), then 


Pare |) | em (3.11) 


Equality holds, as explained in the theorem. 

(iii) If, for fixed points x;, new masses M,*>M,;, are chosen, then outside 

<a, x, >, and with obvious notations for the extremal polynomials, 
LPs) (> | PNG) | OES), onde cedenscscesesss ..(3.12) 

unless P,(2)= P(x). 

(iv) If a new point #* with mass M* is added to the distribution, then, 
outside the new range, (3.12) holds unless P,(x) = P(x). 

(v) If > 1, then Piles TG); 
and, if r>1, T) (xr)> T(x) (l<k<n). 


4. It follows from (2.1), with p(x) =1 and k=0, that 
2 gi (2) 


2 i. 
0 Ii(%,) 


Suppose that all M,;= M>0, and that x,=a and x, =6 are kept fixed. Since 
(3.2) isa “* best possible ” estimate, it follows that we cannot conclude from (1.3) 
that | p(x) |<M in <a,b>, no matter how we choose the other points x,. 
This, of course, is familiar. So is our next theorem, but the following simple 
proof seems to be new. 


tI. Schur, L.c., p. 274. This seems to be the only place in the relevant literature 
where our argument has been used for the same purpose. 
§l.c.; see also Polya and Szegé, p. 85. 
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THEOREM II. Suppose that all M;=M>0, and that x,=a and x,,=b are 
kept fixed. Then there exists exactly one distribution of the x; such that the 
extremal polynomial P(x) satisfies | P(x)|<M in <a,b>. 

It suffices to assume that M=1 and a= —-1, b=1. For the general case 
reduces to this one by a linear transformation and division by M. Now the 
Tchebychef polynomial 7’, (x), associated with the distribution (3.6), plainly 


satisfies | 7',,(x)|<lin|x|<1. Therefore, by Theorem I, | 7’, (x) | <| P(x) | 


outside <-1,1> for any other distribution in <-—1,1>. Suppose now 
that | P(x) |<1 in |x|<1l. Then, again by Theorem I, | P(x) |<] 7,,(2) | 
and thus | P(x) |=| 7',(x) | outside <-1,1>. In particular, P(x) =T, (x) 


for x>1, and hence P(x) =T7,(x) and the x; must be the Tchebychef dis- 
tribution. 
5. We now turn to distributions that are symmetric with respect to a= 0. 
We slightly change the notation. There are two cases. 
(A) n is even. The points of the distribution are 
O= Se by <0 SEge 5 €—¢= — Fy Tor PCS UM. oo ccccseeecs (5.1) 
Also M_,;=M;,. The extremal polynomial P(x) is even, by (3.5). 
(B) nis odd. The points of distribution are 
0<£,<£,<...<fingryes €-;= —& for 1<i<}(m+1). ....... (5.2) 


Also M_;=M,. The point €=0 does not belong to the distribution, and the 


extremal polynomial P(x) is odd. 
THEOREM III. Jf the distribution is symmetric with respect to x=0, then 
Ly (Se Mig) OF A ee ED)... csericdscccnsesnesanereas (5.3) 
If k>0, then equality holds only when 
b{p(x) +(-1)"p(-2)}=yP(@), [a |=1. 
Proof. (A)nand kare even. The even polynomial 
p* (x)= 4{p(x) + p(-2) } gt ge tase EE aecncessansaess (a) 
belongs to our class since the distribution is symmetric with respect to 0. 
We put 2? = y and obtain 
P* (ZB) =P (Y) HA FSG + on FAG cocscceccssececsscovsed (b) 
with | g*(;) | <M, where 7;=€,;?, 0<i< Jn. 
The point 7) = 9 is not inside (yo, pj). Hence, by (3.10), 
MRM  yccaaipartuisten eine abiccieueseosienteaunenan (ec) 
where 
Q*(y)= B,* + B,*y+...+ B,*y"*=B,* + B*2z* +... + B,*2z" = P*(z) ...(d) 
is the extremal polynomial corresponding to the 7,;, M;. Hence 
Q*(n;) = P*(€;)=(- Di" -*M, for all 0<i <4n. 
Also P*(x) is even, so that P*(x)= P(x) and B,* =A,. 
(B) n and k are odd. If 
p** (x) = 42{p(x) — p( — x) }=a,2* + agr*+...+a,0"*! 
ep <3 ge a POS ea cisinccctsessensinseiat (e) 


then g**(0)=0 and | g**(7;) | <&,M, for 1<i<}(n+ 1). 
Hence again by (3.10), 
MMR RE 1 a cdebeetteseccaccsnenscotcgesteeneus (f) 
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where 
Q** (y) B,**y 4 B,**y? ae B,**y” +1)/2 
= B92 + Be *a* + ... + Boa" WES OO ao veabaiuncssexccosccesa (g 


and 


Q** (n;) =&,P** (€;)=(- 1,4 "+)-€,M, for 1<i<}(n+1). 
Also P** (x) is odd, and thus P** (x)= P(x) and B,=A,. 
(C) The clause concerning equality in (5.3) follows from the clause con- 
cerning (3.10). 
Corollaries. (i) For the Tchebychef distribution (3.6) we find, with the 
notation (3.7), 
Gy POT AL if Raw Gb 9), .0<..<c0csccrenscasoncs (5.4) 
(ii) In the classical case, when | p(x) |<1 for | z# | <1, we have also 
ty | Ae | aE tee GO D). «0105050500520. 000000 (5.5) 
For then k =(n — 1) (mod 2), and the polynomial 
p (x) = 4{p(x) + (- 1)"-p(-2z)} 
is of degree at most n—1 and satisfies | p (x) | <1 for |«| <1. Hence (5.5) 
follows from (5.4). 
In the classical case both (5.4) and (5.5) were first proved for real poly- 
nomials by W. Markoff ¢ in a much more elaborate way. 
6. In order to deal with the case k#n (mod 2), we introduce a new poly- 


nomial J7(x). 
If n is even, then 


TT (a) =C ya + Cyt? + 0. + Cog gt™-¥, ccsccscccscssccevcees (6.1 
where IT(€;) = ( 1)3” ‘M, for 1<i< 3n. 
If n is odd, then 
IT (a) = Cy + Cqt® + 00. + Cys H3, cccscscccsscvesescncees (6.2 


where /1(é;)=(— 1)#"+¥-*M, for 1<i<4}(n+1). 
THEOREM IV. [f the distribution is symmetric with respect to x=0, then 
CG Cn | BE RAC GON Bly. once ccisscccatsvesoccs (6.3) 
If k> 0, then equality holds only when 
B{p(x)+(-1)""'p(-2)}=nIT(z), |n|=1. 


The proof is similar to that of Theorem III. It may suffice to discuss the 
case when n is even and k is odd. Then 


xp (x)= ha{p(x) - p( -— 2) }=a,x? + agrt+...+a,_,2" 
BEE FE ose Figs — Bs sce cesntes paevnvccneseaccnaes (a) 


with ¢(0)=0 and |g (»,) |<&,M, for 1<i<4n. Hence | a, | <| B, |, where 


Q(y)= By + Byy? teeet B,-y" 2—yP Se ne (b) ' 


and Q(n;) é,P(é;) =(- 1)#"-*£,M, for 1<i<jn. Also P (zx) is odd, so that 
P (x)= I1(x) and B,=C,. 


7. So far we have restricted ourselves to real x. The following theorem 
deals with the values of p (x) on the imaginary axis. 


t U.c., p. 248. 
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INEQUALITIES FOR POLYNOMIALS 1] 


THEOREM V. Let t be real. If the distribution is symmetric with respect to 
x=0, then 
| B{p (at) + (- 1)"p(- 2t)} | <| P(e) |, 
| {(82) + (— 1)*-*p0( — a2)} | S| FT (az) I... ccccrccccccceses (7.1) 
and 
| fp’ (it) + ( - 1)"-tp’( - it) } | <| P’(it) |, 


5 [dt{p (et) + ( -— 1)"-4p( - zt) }] | < ai {t IT (tt) } | ¢ “aeaeeeeed (7.2) 
It may suffice to discuss the case when n is even, and we use the notation of 
the last two sections. If y= -??, then 
Q" (9) =O — GF +... =F {7(12) + 9 — B)}, ccccssccescccvcsseces (a) 
and Q*(y)=P (it). Also 
bt {a’ (8t) — 9’ ( — 28) } = — Dlg?" (Y),,  ..cccccscecsccecessesses (b) 


and iP’ (it) = — 2tQ*’(y). Hence the first halves of (7.1) and ( 
(3.4), with k=0 and k=1, respectively. Similarly, 


O(y)= — G0 + a0 F ...=}t{p(tt) —p(—h)} cnn encovccocese (c) 


J] 
bo 
= 
2, 
o 
Ea 
> 
g 
5 


and Q(y)=itII(it). The second halves now follow as above. 
Corollary. If | p(x) | <1 for |x|<1, then 


3{p (it) + (-1)"p(- it)} | <| T,,(%) | 


=f] + af(t8 + 1) J + (0 — (E84 1) JP | nec. ecececcnceeees (7.3) 
and 
| 4p’ (at) + (- 1)"—4p’( - tt) | <| T,’(%) | 
a Spy | tt ED VEIL coesseee (7.4) 
Also 


| 3{p (it) +(-1)"""'p(-2#)} | <|T,-1(%) |; 
| Bp" (it) + (— 1)"p’( — 8) } |<] T's (it) |. conccccsceeccscsceceseseees (7.5) 


8. If p(x) is a real polynomial with | p(x) |<1 for |#|<1, then it was 
proved by A. Markoff { that 





ie tay eee T FOR PE. ccccvcssecasecowesens (8.1) 

More generally, W. Markoff § proved that 
| F(x) 1 CTD), for [1ST (LEBER). ...000ccccvcrscrccsecesed (8.2) 
Although these inequalities are sharp only when |x |=1, they are of con- 


siderable interest in the applications. The now usual proof { of (8.1) is not 
difficult, but that of (8.2) remains rather complicated. I have been unable 
to obtain elementary proofs ; that is, without adding something extraneous 
to our general interpolation argument. It is, however, possible to obtain the 
somewhat weaker inequality 


9 k 
| p™ (a) | <(, Ts ) TA) (1) <2kT,, (1) (LS SN) ceeccceeeeee (8.3) 
T | - 


t A. Markoff, l.c. 
§ W. Markoff, p. 258. 
4] Polya and Szegé, p. 91. 
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even for complex polynomials. For, let 0<2z)<1, say. On putting 
r+] 
e=3 “a he By BGC NS. o varcscncecteversivenveesicns (a) 


we obtain q*(1)= {4(1 +25) }*¥p™ (2). Since | q™(1) |<T,(1), by (3.4), 


we obtain (8.3) for «=25. 
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W. W. R. 


1805. One of the most interesting personalities and certainly one who con- 
tributed a great deal to the success of the Brains Trust was my good friend, 
Commander R. C. Gould, R.N. His early death was a great loss to the hydro- 
graphical department of the Admiralty. He had a phenomenal memory. He 
told me he had read the entire Encyclopedia Britannica through twice and 
memorised the curious out-of-the-way items that caught his interest. They 
were many and varied as his replies decidedly showed. About the only factual 
question I remember in the whole series was one asking the mathematical 
meaning of ** pi’’. Gould explained that it represented the ratio between the 
radius and the circumference of a circle. 

Asked by McCullough if he could tell listeners what exactly the figure was, 
he said that roughly it could be represented by the fraction twenty-two over 
seven. He went on to say that as far as it could be calculated it was three 
point—and he then added thirty-five more figures. McCullough took these 
down on a piece of paper as he spoke them, and at the finish said, ‘* Gould, can 
you repeat those figures? ”’ ‘‘ Certainly,”’ said Gould, and proceeded to do so. 
[ was not so impressed afterwards, however, when I worked it out myself 
“Pi” is represented by 3-142857 with the last six figures repeated to infinity 

Commander Campbell, When I was in Patagonia. [Per Mr. D. Temple 
Roberts. | ' 

1806. ...; for unless we can demonstrate what we explain, it is better to 
own our Ignorance, than to endeavour to pass our Conjectures upon the World 
for Solutions. If ever we come to know the causes of the various Operations 
of Magnetism ; it will sooner be owing to a Compa:.son of the Experiments 
and Observations of Norman, Pound, Lord Paisley, Graham, Muschenbrock, 
Savery, Marcel and others (who acknowledge themselves ignorant of the 
causes of those surprising Effects), than to twenty Hypotheses of Men, whose 
warm Imaginations supply them with what may support their Solutions, 
while daily Observations and common Laws of Motion can easily confute them. 

J. T. Desaguliers, Course of Experimental Philosophy, Vol. I, 1734, Preface. 
[Per Dr. M. L. Cartwright. ] 
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FROM NECKLACES TO NUMBER THEOREMS 
By H. LInpGREN. 


1. The problem of forming a necklace in which no two adjacent beads have 
the same colour was found, unexpectedly, to lead to the little Fermat theorem 
and to a companion congruence with a composite modulus. 

Let there be N +1 different bead-colours. Then there are N + 1 choices of 
colour for the first bead to go on the string, and for each bead thereafter there 
are N choices. Hence for n beads the number of arrangements is (N + 1)N"-}. 
But if the nth bead is the last to go on, it must have a different colour from the 
first. Denoting by d,, the number of arrangements of n beads in which this is 
the case, and by s,, the number in which the nth bead has the same colour as the 
first, we have the recurrence relation 


d,=(N+1)N"-1-8, =(N+1)N"-!-d 
whence d,=(N + 1)N"-1-(N+1)N"-2+d 


n-\ 
n-2 
=(N +1)(N"-!-N"-?+...4N)F d, 
=(N + 1)N"-1{1 - (- 1)"-1/N"-43/(1+1/N) 
N" +(-)"N. 

This then is the number of arrangements of n beads, before the ends of the 
necklace are joined. 

Suppose now that n=p, an odd prime. When the ends are joined the num- 
ber of arrangements is reduced to one pth, for each arrangement is one of a set 
of p cyclically permuted arrangements that become identical; e.g. if p=5 
and there are three colours a, b, c, then the 5 arrangements abcab, bcaba, cabab, 
ababc, babca become identical. So d, must be divisible by p. Therefore 

N?-N=0 (mod p). 
This is the first result. 

Suppose next that n is composite—for instance that it is the product of two 
odd primes p, gq. Then there are N”/?—N arrangements consisting of the 
same arrangement of n/p beads repeated p times; and these arrangements 
are such that only n/p of them, not n, become identical when the ends of the 
necklace are joined. Similarly for n/g. So, to get a number divisible by n we 
subtract the number of arrangements of this kind, 

N*"-N-N"?+N-N"4+N, 
and we have N® — NP — N24 N=O (MO N).........c.ceeereeeseeeee (1) 





When vn has more than two prime divisors, some of which may be repeated, 
we can use the formula for the number of objects not having any of a given set 
of properties (in this case not consisting of a repeated colour-pattern) to obtain 


N® — SNP + TNVIPG_ .., 4+N/Pa...7=Q (mod n), ........-000. (2) 


the first summation being for all prime divisors of n, the second for all divisors 
that are the product of two different primes, and so on. The index of the last 
term is n divided by its greatest square-free divisor. 

In (2) the coefficient of N”/4 is the Moebius function of d. Owing to this we 
can write (2) in the compact form 


B pb ® Ged W)e. .00....00ceccrsseesesseees (3) 
d\n 


This is the companion congruence referred to. Now that it has been stated, 
a direct proof suggests itself when we observe that (1) follows, first mod p, 
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then mod q, by pairing terms in two different ways. For to each square-free 
divisor d of n, not containing a certain prime divisor p, there corresponds a 
divisor pd, so the LHS of (2) or (3) includes +N”/4F N"/?4, On pairing all 
such terms we get 

Ds | -Nnid FE Nnipa), 


d 
which is a multiple of p for all values of N. And if not merely p but p* divides 


n, then on writing M for N”!?*4 we find that this last sum is of the form 
=(4M?* + M?**)= 2M?" + MP*-?** = 1) = SMP* "(+ MF*)= 1), 
d 
which is a multiple of p* for all values of M, therefore of N. The same reason- 
ing applies to each prime divisor of n, hence (3) is proved. 

2. The companion congruence is too simple to be new, but in this context it 
provided a clue to a more general theorem. An expression derived from the 
LHS of (3) by writing the indices on the line, the coefficients of the terms being 
retained, is 

Zu (d)n/d, 
which is a multiple of ¢(n), because it is (nm). But suppose we have any other 
polynomial in the prime divisors that is a multiple of 4(n) ; say n= pq and the 
polynomial is 


(p + 2q-1)(pq-p-q+1)=p'q + 2pq? — p? - 4pq — 2g? + 2p + 3q-1; 
then it is true that 


N?*a + 2N?0° — NP? _ 4N- 2N* + 2NP+3N7-N=0 (mod n)....... (4) 

The theorem of which this is one case relates to a polynomial in the prime 
divisors p, q,..., 7 of n, with integral coefficients ; each term is of the form 
ap*q® ... r’, at for short, so the polynomial may be written Zat. 

If now MEEBO (ROG GG), <cscrscesvcissirsesscsscsecoees (5) 
then ZaN*=z0 (mod 7) forall N, ........cccccccsvesseess (6) 
and conversely. 

The proof of the first part is quite easy, being similar to that of (3). For if 
p® divides n, then by a rearrangement involving at most nothing more than 
writing at +a’t for (a+a’)t or introducing + at —at, we get 

Zat = (p* — ps1) Zbu, 
the b’s being integral coefficients and the w’s of the form p%q*...r”. The 
exponential expression derived from the RHS is 


Ce ee, eS ee (7) 


which is a multiple of p* for all values of N. If a rearrangement such as 
at +a’t for (a+ a’)t was involved, then (7) includes 

aNt+a’Nt=(a+a’)N'; 
if the introduction of + at -—at was involved, then (7) includes 

+aNt-—aNt=0; 

thus (7) is the same as ZaN*, which is therefore a multiple of p*. The same 
reasoning applies to each prime divisor of n, hence (6) is proved. The proof 
depends on (5) being an algebraic relation, not merely a fortuitous numerical 


one. Without this proviso the theorem is not true; if for instance n= 35, 
then its divisors 5 and 7 have the numerical relation 
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9.5-3.7=0 (mod 24), 
which could be written 
At; +Agt,=0 (mod ¢(n)), 
but it is certainly not true that 
9.25-3.2’?=0 (mod 35). 
To prove the converse, we pick out one divisor p’ of n, and write ZaN* in 
the form 
Za,,N?"P + Sa 


the first summation being for the different a,,’s and associated P’s (powers of 
divisors not containing p) ; similarly for the other summations ; and some of 
them, in particular the tail-enders, may be empty. This expression is con- 
gruent (mod p) term by term to 


LO, NP + Lay -y~N@ + ...+ SayNT + SagNY, ......ccececeoeees (9) 


so the latter, like (8), is a multiple of p for all values of N; but it is also 
algebraically independent of p. This is possible only if it is zero. Therefore 


Za,NU = - La,,N?P - La,-,N@ - ... — Za,NT identically, 
and (8) is equivalent to 
Za,,(N?"P — NP) + Za,,-,(N?” "@ - N@) +... + Za,(N°T - NT). 
We thus have, on lowering the indices, 
Sat = La,,(p"P —- P) + Za,-1(p™Q - Q)+...+ 2a,(pT -T)=0 (mod p- 1), 


Ne™—19 4 Pe Za,N?T + Za,NU, diibisuaeitientn (8) 


m-1* 


the first stage in the proof. 
In subsequent stages it is proved that Zat is a multiple of p, then of p’, ... , 
p’, Use is made of the lemma that 
if =b(NP*—V — NP**V) =0" (mod p*) for all N, 
then ZbV =0, 


the summations being for different b’s and V’s, both independent of p. It is 


, shown by putting N=1+~p and using the binomial theorem. This gives 


ZbVp*-1=0 (mod p*), 


whence Z6V is a multiple of p. Being also independent of p, it must be zero. 
If s>1, then (8) is a multiple of p?. So is 


Za,,NP"P + Ld, ~N?™ "0+ ...+ Za,NPT + SayNPV ............ (11) 


which differs formally from (8) only in its last member. For it is congruent 


; (mod p*) term by term to 


Za,,N?P + La 
which vanishes because (9) does. Subtracting (8) from (11), we get 
Za,(N?U-NU)=0 (mod p?) for all N, 


whence by the lemma 2a,U =0, 


N?Q + ...+ La,N?T + La,NPY, 


m-1i+ 


showing that Zat is a multiple of p. This in turn implies that the sum Za,NU 
in (8) is non-existent ; it could not for instance be —- 2N” + 3N%-N, as in (4). 
If s>2, then (8) is a multiple of p*. So is 


Za, NPP + Lay, _yNP” "0+... + Za,N?*S + Za,N*T, 
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which differs formally from (8) only in its last member. For it is congruent 
(mod p*) term by term to 


, Tp§p . Ty? 7 Tpes Tp? 
Za,,NYP + Lay, _y~NY'O +... + Za,N?S + Za,N”T, 


? 


which vanishes because (9) does. Subtracting (8) as before, we get 
Za,(N¥*T—N?T)=0 (mod p%) for all N, 


whence by the lemma 2a,T =0, 


showing that at is a multiple of p*, and that the sum Za,N?T in (8) is non-| 
existent ; it could not for instance be 2N?2 — 4N?4+2N?, as in (4). 


This procedure is repeated, proving successive sums in (8) to be zero, until it 
ceases to apply when we get to 


- ryH™M p . rq_m—l1 
Za,.N® P+ Sa,,_,N® @+...+ Za 
m m 


s-1N?*"R=0 (mod p’), 


at which stage we have proved that Zat is a multiple of p*-!. This together 
with (10) completes the proof for the divisor ¢(p*) of d(n). The same reasoning , 
applies to each divisor of this type, hence the proof of the converse is complete. 
The simple facts that p¥ is a multiple of p, and p¥ - 1 a multiple of p-1, 
enable us to extend the converse, with the quaint result that 


of 
the 


i.e 
fir 
be 


or 


nr 


n 


SaNt=0 (mod n) for all N, 
Lat’ =0 (mod ¢(n)) for all N. 


3. If the condition to be met is that not merely two but three consecutive 
beads are to have different colours, the increased complexity of the problem 
is out of all proportion to the increase in the condition. 

The number of arrangements of n beads in which the last has the same 
colour as the first will be denoted by a, ; the number in which it has the same 
colour as the second by b,,; these are required for finding z,, the number of 
arrangements. of n beads such that the ends of the necklace may be joined, 
. the (n — 1)th bead has a different colour from the first, and the nth from the 


st and second. 


A self-explanatory symbolism is contained in the definition 


t= (a. ab),,. 


Let there be N +2 bead-colours. Then the number of arrangements of n'! 
ads (n>2) is (N+ 2)(N+ 1)N"-?=A,, say, and 


a,=(a.4) 


n-1~ An-r Bg (Ga = \n-1=Apn- 1—~ 4-1 — Nay, -2 





Cig gg VAIN gp Migcty.  candecscssascusesscsexsees (12) 

a recurrence relation which can be seen from the table below to be valid if 

> 4, 

——— oe 

NM - 1 n an b, rn 

I 1 l 0 1 x (N +2) 

2 l 0 1 1 x (N+ 2)(N +1) 

3 l 0 0 l x (N+2)(N+1)N 

4 N 1 0 N-1 do. 

5 N? N=] N N?-—-3N+2 do. 

6 | N? | N?-2N+1 N?-N N*-3N?2+5N-2 do. 


b, 





The recurrence relation for 6, is the same as for a,. And as b,= Na, and 


Na,;, we have b 


n 


Na,,-; for all greater n too. 
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The recurrence relation for x, is obtained from 


vy (a ° ab), =A n~4n- (a = \n b, + (a. b)ns 


é 
in which the last term compensates for the double subtraction of the number of 
arrangements common to (a. —), and },. Replacing the first three terms by 
the single-term equivalent given by (12), and making other substitutions, we 
get 
1— Na,_,+ (@ . db), _.=a,,, — Na,-1+2p-25 


Ln a n+ 


or Be Mag BO ig IN ys Sade ccsencwsdevtseceseens 


To find x, from (12) and (13) we use generating functions of A,, a,, and x,. 


If G4=A,t?+ A,t*+..., then 
G4=(N+2)(N+1)NA(14+ Nt+ Nt? +...) =(N + 2)(N + 1) NE/(1- Ne), 
this being valid if n>3. 
If G,=a,t'+a,t'+..., then the generating function of the LHS of (12) is 
G,(1+t+Né). This is equal to the generating function of the RHS, therefore 
to G4t, whence 


n° 


G,=(N +2)(N +1) Ne*/{(1 — Nt)(14+t+Ne2)} 3 ...cccseeeeeeee (14) 


a 
this happens to be valid down to n= 2. 
If G,=2,t? + 24+... , then from (13) 


G,(1-#)=G,(1/t- Nt), 


_ (i= (N + 2)(N + 1)N#@(1 — Ne?) 
: ‘7 (L-#)(1- Nt) (1 +04 Ne) 


‘ : N?+N N?+N-2 1 N+1)(2+¢ 

= -(N+2)(N+1)+ +—— Korg eee 
2(1-2) 2(1+1%) 1-— Nt 1+t+N? 

this being valid ifn >3. The non-fractional first term can of course be ignored. 

The coefficients in the expansion of the last term have a neater form if its 
partial fractions 

(N + 1){(1 - ¢/t,)-! + (1 -t/t,.)-4} 
are expanded separately and added, 1/t, and 1/t, being replaced by 
{-1+,/(1 - 4N)}/2. 
The coefficient of ¢” in the last term is then found to be 
(—)"(N +1){1-C(n, 2)(4N - 1) + C(n, 4)(4N - 1)?-...}/2"-1=(- )"B,, say. 

(I adopt the notation C(n,r) for combinations. Surely it is preferable to 
all others? For it has no small suffixes, all symbols are written on one line, 
and it is in strict accordance with the usual notation for a function of given 
variables. ) 

So we finally have, if n>3, 

Se =I +1 — B, if n is odd, 
t%,=N*%+N*?+N-1+8, ifn is even. 

The fact that x, is divisible by , if n is prime, leads to a triviality. But the 
mere fact that it is integral, so that B,, also is integral, shows that one can get 
a congruence (mod power of 2) by expanding the partial fractions of a fraction 
with quadratic denominator, if the unresolved form shows that all coefficients 
are integral. One can also get an identity by comparing expansions of the 
resolved and unresolved forms. Two simple examples are 


14+ C(n, 2)(4N+1)+C(n, 4)(4N+1)?+...=0 (mod 2"-), ...... (15) 
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obtained from the partial fractions of (2 —t)/(1-¢—- Né*), and 

C(n4 1, 1)+C(n41, 3)(4N+1)+C(n+ 1, 5)(4N 41)? +... 

2"{14+C(n-1,1)N+C(n-— 2, 2)N?24+C(n—- 3, 3)N*+...}, 
obtained from expansions of the resolved and unresolved forms of 
1/{1-¢(1+ Né)}. 

A particular case of this identity (N= —}) is quoted in H. Martyn Cundy’s 
review of Coxeter’s Regular polytopes (Mathematical Gazette, 38 (1949) 49), and 
forms the starting point of a note by S. Vajda (84 (1950) 211). 

A congruence like (15) is rather small beer, the modulus being restricted to a 
power of 2. But it leads to congruences with moduli not so restricted. If 2 is 
replaced by any integer k, then the binomial coefficients are replaced by the 
coefficients in 

(l+rt+r?+...+7%-)"=cy+eyr+cgr?+..., say, 


and the corresponding theorem is 


if m-—1=0 (mod k?), 
then Cyt Cy4,M+Cyio,m?+...=0 (mod k"-1), 0<s<k-1. 
_ The first step in the proof is to find a generating function G, of C,+C,,,M+... 
from one of (1+7+...)". The latter is 
, Kk 
x r* — ] 
G= 4. - 


“z-(®—Dir-1) | *@-he-~F- 1)’ 


when expanded in negative powers of x. The 1 will be dropped, to obtain a 
formula for G, uniform for all values of s. This invalidates G, merely for n=0 
only, which is no great hardship. 

We replace r* by m (r need not be rational), thereby making G a generating 
function of the generating functions we are seeking : 


G=G6,+7G,+97°G,+...+7°-G,_1, 
: m1 m—-1 (ra)* — (2 +m —1)* 
and G= ee Gees Sar Se mee ae 
re—-(«@+m—-1) max*-(x+m-1) re —(x#+m-—1) 


m— 1 
~ mack — (a +m — 1) 
x {(a +m — 1)¥-1 4 ra (a+ m — 1)F-2 + v2.0? (ae + m — 1)-3- +... + rb k-3}. 
Equating coefficients of r’, we get 


@ » (m — 1) a8 (a +m —1)F-*- 
. mak — (a +m— iF — 


The next step is to replace x by ky, which gives, on expanding the denomi- 
nator and cancelling (m— 1)k*-}, 


, m — 1\*-s-1 
y\yrt k 


m-—1 (m— 1)? (m — 1)¥-1) ’ 
k-2_O(k k- 
ye Y — C(k, 3) pp Y t-...- ——— 
a generating function of (c,+¢,,,m+...)/k". And if we drop the factor k in 
the denominator, it becomes a generating function of (c,+¢,,,m+...)/k"-}. 
The expansion in negative powers of y—obtained by long division—will 
certainly have integral coefficients if all coefficients in dividend and divisor 
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are integral. The third to last terms in the divisor supply the condition for 
this. The theorem follows. 

4, Using generating functions to determine 2, is vastly superior to using 
series in powers of N, say. For I found, taking fifteen hours and a ream, that 
the series for x, in powers of N was not summable (H.L.). But there is an 
interesting fact about this form of a,, which will be shown in relation to the 
particular case 

Qyo/{(N + 2)(N +1) N}=N®-2N7+ 4N* - 8N5+ 16N4—- 26N? + 22N?- 8N +1. 

In The Mathematical Gazette, 30 (1946) 149, D. J. Price tabulates the maxi- 
mum number of regions into which n-space is divided by m (n — 1)-planes, this 
number being denoted by S,,(m). The coefficients in the formula just given 
are 

S3(0), — S,(1), So(2), --- » So(8), 


and it is true in general that, for non-negative n, 


dy .4/{(N + 2)(N + 1)N}=S,(0)N" — S,_,(1)N"- 
+ S,,_,(2)N®-2—... + (—)"S,(n). ...... (16) 


To verify this, we find a generating function of the RHS, for comparison 
with that ofa,. Equation IX of Price’s note shows that S,,(m) is the coefficient 
of x” in (l+a)"/(1-a). Therefore 


S,- (Pp) N"-? = coefficient of z"-? in N"-?(1 + x)?/(1 — x) 
= coefficient of ¢”-? in (1+ Nt)?/(1 - Nt) 
= coefficient of ¢”+4 in ¢4+?(1 + Nt)?/(1 — Nt), 
so that the RHS of (16) is the coefficient of ¢"+4 in 
t* 
i-N 
For convenience this series may be summed to infinity instead of to n+ 1 


terms, since terms beyond the (n + 1)th contribute nothing to the coefficient of 
"+4, The sum is 


n-2 


{1 -¢(1+ Nt).+ (1+ Nt)?-...}. 


t4 


(1 — Nt)(1+¢+ Ne)’ 





a generating function that should be compared with (14). 

It is remarkable that a seemingly simple problem relating to a geometrically 
simple object like a necklace should be more complex than Price’s problem. 
In fact, if we say that S,,(m) is of the first order of complexity, then we may 
say by virtue of (16) that a,, is of the second order, and by virtue of the follow- 
ing solution of (13) : 


Lyn =Any1 — (N — 1) (Gn_-1+Gy-3+--.+Ogors)s 


that x, is of the third order! 

5. No doubt many congruences can be deduced from how-many-ways 
problems. But it is not to be expected that anything fundamentally new can 
be discovered this way, for presumably Euler’s and Wilson’s theorems are the 
only fundamental theorems relating to powers and factorials. And one must 
be prepared to find, after much hard work, that the theorem discovered is 


ax=0 (mod 2). 
> ie 
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THOUGHTS ON THE TRAINING OF THE 
MATHEMATICS TEACHER* 
By W. FLEMMING. 


There is a well known saying that those who can, do; those who can’t, 
teach ; and those who can’t teach, train teachers. At a recent Headmasters’ 
Conference, Dr. A. W. Barton, of the City of London School, suggested to his 
audience that they all knew of Lecturers in Education who were utter failures 
as schoolmasters. He also expressed the view that the training of teachers 
might well be put into the hands of practising schoolmasters.t be that as it 
may, every Education Lecturer faces the continual danger of pedantry. The 
longer he is in his job, the further his teaching experience recedes into the past, 
the more liable he is to talk nonsense, theoretical, superficial and irrelevant 
nonsense which is entirely divorced from the practical realities of school and 
classroom. I voice my thoughts at this moment, and possibly yours, when I 
say, ‘ From all such lectures, from all unreality and subtle error, Good Lord 
deliver us.” 

In point of fact, [ have had my share of teaching. In one post, I had charge 
of a class of 57 boys and girls aged 13+. Their I.Q’s, I am sure, must have 
ranged between +140. A number of them were on probation and two sub- 
sequently went to Borstal. One incident stands out clearly in my memory. 
I was about to leave the school premises one afternoon when a lady member of 
the staff came hurrying back in an obvious state of alarm. ‘ I wouldn’t go 
home just yet,” she advised. ‘‘ There’s Mr. Smith waiting for you down the 
road and a small crowd is collecting.’”’ I had been compelled to deal with 
Smith junior during the last period. Mr. Smith was a large man, taller than I 
and bigger. He had come out of jail that very morning having served a 
month’s sentence for assault and battery. I went home the other way. 

I learnt class control in this school—lI had to. I also learnt that above all 
conditions, inadequate buildings, shortage of equipment, large classes, the 
vital factor in the school situation is the teacher and that is why his training 
is a matter of supreme importance. A moment’s thought makes it clear that 
the training of a teacher takes a lifetime. It begins in the Secondary School 
or earlier, perhaps at home where the foundations of character are laid, and 
the first 10 or 15 years of teaching are especially valuable. Professional 
training is but one contributory factor amongst many others such as the work 
of this Association, Ministry Courses, and contact with other teachers. The 
Training College student usually receives a two year course which combines 
training with further academic study. The University Department offers a 
one year course of training only, for the incoming student normally possesses 
graduate qualifications in his subject. In each institution, all we can hope to 
do is to help thé student to face in the right direction and give him as good a 
start as possible. 

In his book, The Fundamentals of Mathematics, Professor Richardson refers 
to the fact that many so-called courses in mathematics, in America pre- 
sumably, are little more than coaching courses for examinations and largely 
devoid of anything resembling the living spirit of mathematics. I think we 
can safely say that this is true of many of our own Grammar School and some 
University courses and it seems to me that, as a consequence, students often 
fail adequately to understand the nature of mathematics and its applications. 
Particularly does this apply to the incoming Training College student, for he 

* A Presidential Address given to the Leicester and County Branch of the Associa- 
tion on Friday, March 12th, 1954. 

+ Reported in the Times Educational Supplement, January 8th, 1954. 
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usually passes through the Grammar School in the B or C mathematics stream. 
Inevitably, his time has been taken up almost wholly in attempting to acquire 
examination tricks, techniques and manipulative skills. What mathematics 
is, what are its underlying ideas, how it came into being and developed, are 
matters which do not arise in his course and though the student may be 
mathematically trained, he is far from being mathematically educated. In 
his essay entitled, ‘‘ Aims of Education’, Whitehead writes, ‘ Culture is 
activity of thought, and receptiveness to beauty and humane feeling. Scraps 
of information have nothing to do with it.’’ Neither, may I suggest, have 
mathematical tricks and techniques in themselves. To attempt to prepare a 
student for teaching by giving him more advanced examinations of similar 
type is likely to perpetuate the trouble. The final assessment of a student 
should not rest upon his performance in a written mathematics examination 
at the end of the course. He must be freed and led to concentrate on such other 
aspects of mathematics as are necessary to his background, outlook and under- 
standing. 

I turn now to my second point. Suppose that, as practising schoolmasters, 
we were each asked to undertake the training of mathematics teachers for the 
Modern School. What would we want first of all for our students? What do 
we want now from our pupils at school? MKeenness and enthusiasm, I would 
say. We do not always find a zest for mathematics in Grammar Schools, 
especially in the case of the C’s and weak B’s in the middle school. The 
pupils are keen enough on entry but they are apt to deaden later and much of 
the teacher’s energy is taken up in overcoming reluctance to work by attempt- 
ing to create and stimulate interest and by other more forceful means. It is 
sometimes suggested that there is something wrong with the Grammar School 
way of teaching mathematics.* That is a matter of opinion, but of one thing 
we can be sure; there is something wrong with the Grammar School way for 
the Modern School child. We want a different approach, and fortunately 
there is one, similar to the historical approach described by Branford in his 
Mathematical Education. Mathematics developed in response to man’s 
everyday practical, aesthetic and other needs. Teach it that way—practi- 
ally, intuitively, and for the fun of it, much as we do nowadays in the 
Grammar School when we teach Stage A geometry. 

This point is made indirectly in the Scottish Education Department Report, 
Secondary Education.t ‘‘ We are in no doubt that Mathematics in Scottish 
Schools needs a drastic overhaul... It is the great central mass of boys and 
girls, ranging from the C’s well up into the B group, who have fared badly, and 
the dullness and futility of much school teaching of the subject has been thrown 
into relief by the remarkable interest shown and progress made by many of 
these same pupils in the mathematical work of the Air Training Corps.”’ 
Many teachers were in fact amazed at the keen interest taken in mathematics 
by Service personnel during the war. The approach there was usually from 
the practical problem to the mathematics involved, and the problem secured 
the interest. This is in marked contrast to the Greek view. The Greeks 
invented, or discovered, the idea of proof derived by the processes of logical 
deduction from stated initial premisses. In their hands, mathematics became 
an abstract academic study “ fit for men of culture and intellect ’’. Practical 
work, mensuration and surveying for example, was relegated to the slaves. 
Mathematics, regarded in this way, was considered to be an essential con- 
stituent in a liberal education and to be valuable for mental discipline and 

* See, for example, an article by C. T. Lear Caton ‘“‘ A Fresh Approach to the 
Mathematical Curriculum in Schools’. Mathematical Gazette, July 1945. 

+ Secondary Education. A Report of the Advisory Council on Education in Scot- 
land. H.M.S.O. 1947. P. 92. Quotation by kind permission of H.M. Stationery Office. 
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mind training. This view of the subject dominated the approach to its teach- 


ing in schools in an extreme form during the last century and we need to | 


beware of its effects today in the Modern School. 

It is an easy matter to persuade the Training College student, at the level 
of the intellect, of the wisdom of the practical approach in appropriate 
circumstances, but this is not enough to make it operative in his own teaching. 
The traditional way has claimed his unconscious sympathies as a result of his 
6 or 7 years in the Grammar School. There is an emotional factor involved 
and he cannot easily break away. Perhaps that is why Modern School 
teachers frequently teach mathematics in the Grammar School way. There 
is no doubt that the Training College student must experience a course based 
on the practical approach in order to be converted to it. The course should 
also include instruction in teaching methods and techniques with an account 
of their recent history, and give the student, at his level, some understanding 
of the nature and development of arithmetic, algebra and geometry—of 
mathematics. 

When I took up teacher training, I was given the opportunity of experi- 
menting with courses based on these ideas. The practical approach I have 
advocated was effected in a variety of ways. For instance, the theory of 
logarithms was approached from the graph of 107% obtained without the use of 
tables. From this graph, each student obtained a logarithmic scale and 
constructed a slide rule in wood or cardboard. This ensured, incidentally, 
that the underlying mathematical principles were understood. Relevant 
historical matters were treated concurrently, for an interest in Napier, 
Napier’s Bones and the Hindu Arabic number system arose spontaneously. 

In surveying, the students, usually working in groups, would make their 
own apparatus and then use it. On one occasion, for example, one group (all 
Geographers) contoured a local hill. The results were presented in both 
geography and mathematics examinations so that the correlation between 
mathematics and other subjects became a fact! 

Heights of trees and buildings were obtained using home-made clinometers. 
Seale drawing techniques were quickly abandoned when similarity and the 
constancy for a given angle of the ratio opposite/adjacent were discovered. 
Students constructed their own tangent graphs by measurement and calcula- 
tion and so were led to tangent tables. Faced with the practical problem, they 
developed the mathematics necessary for its solution and this seemed to them 
to be the common-sense way. 

The Mathematics Room was equipped with Work Benches and, as a mini- 
mum requirement, each student made one model of his choice (sometimes as 
part of his Handicrafts course) and a teaching chart, a printing set being 
available. No hard and fast rules were laid down and sometimes a group of 
students worked as a team on a larger piece of work. They often showed 
ingenuity and originality. 

Much time was spent in discussing underlying ideas and principles. For 
example, what is algebra? That it is concerned with functionality had never 
occurred to the student. Thus, graphical work took on a new significance and 
the calculus was seen as a subject in which the behaviour of functions is 
examined quantitatively and exactly. The student looked backwards to 
number and the bases of algebra (and in a University Department forwards to 
modern algebra) and was introduced to such books as Dantzig’s Number ; the 
Lanquage of Science and Whitehead’s Introduction to Mathematics. 

The meaning of mathematical proof was considered at the students’ level. 
What are the relative merits of the Euclidean proof of the angle sum of a 
triangle theorem and the various practical demonstrations? Why does Euclid 
prove that two sides of a triangle are together greater than the third side, 
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when it is obvious? Can we be sure that the shortest distance between two 
points is measured along the straight line joining them? 

The starting point of Euclidean geometry is a set of definitions, axioms and 
postulates of which the following are examples : 


Definitions 
1. A point is that which has position, but no magnitude. 
2. A line is that which has length without breadth. 
(The extremities of a line are points, and the intersection of two lines is a 
point). 
3. A straight line is that which lies evenly between its extreme points. 
(Any portion cut off from a straight line is called a segment of it). 
General Axioms (Self-evident fundamental truths?) 
1. Things which are equal to the same thing are equal to one another. 
2. If equals be added to equals, the wholes are equal. 
3. If equals be taken from equals, the remainders are equal. 
4. The whole is greater than its part. 
5. Things that coincide are equal. 


> 


ostulates 


1. A straight line may be drawn from any one point to another. 

2. A terminated straight line may be produced to any length in that straight 
line. 

3. It shall be possible to draw a circle with a given centre and through a 
given point. 

4. Allright angles are equal. 

5. Two intersecting straight lines cannot both be parallel to a third straight 
line. 

Clearly, point and line are intuitive notions and indefinable. Can we 
accept axioms as “ self-evident truths ”’?" Suppose a bicycle is being supported 
in an upright position with its wheels on the ground and one of its pedals in 
the lowest position, so that it is free to move forwards or backwards if pushed. 


a 


[ + 


—_—_ 








Fig. 1. 


If a person standing by the cycle were to push gently on the pedal in the direc- 
tion of the arrow in the diagram, which way would the cycle move? The 
answer usually given is, ‘‘ Forwards’. Can we similarly be mistaken in 
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accepting the a priori truth of the axioms. Poincaré’s example of a hypo- 
thetical universe throws some light on the question.* 

Imagine a universe, spherical in shape and such that the absolute tempera. 
ture at any point distance x from the centre is given by the expression 
c(r?— 2?) where c is a constant and r is the radius of the sphere. Thus the 
temperature varies from a fixed value at the centre to zero at the bounding 
surface. Assume also that all objects contained in this universe, including 
inhabitants, change their size in direct proportion to the temperature. Then 
if a man set off to walk to the boundary, he could never arrive for, on account 
of the falling temperature, his size, and so the length of his step, would de- 
crease indefinitely as he approached. In fact, since dx/dt is proportional to 
c(r? — x), the time taken to reach the boundary would be 


-4¢\ ]t=r 
[ « log ( "| 
r—-2 


Moreover, he would be unaware of the true situation because his surroundings 
would be reduced proportionately with him. He would, therefore, have the 
impression that he lived in an infinite universe. 





Suppose the inhabitant of this universe wished to walk from point A to 
point B by the shortest distance, the points being assumed to be in the same 
equatorial plane for convenience. It can be shown that he would take the 
least number of steps if he walked along are AXB of a circle orthogonal to the 
bounding circle. Although there are shorter distances, in walking them, he 
would be further from the centre so that his step would be shorter. For him, 
are AX B would represent the shortest distance from A to B. If we further 
postulate that the universe is filled with a gas of variable refractive index in 
such a way that light travels along these same curves, as our traveller walked 
from A to B along are AXB, he would see B straight in front of him all the 
time. He would, therefore, ‘‘ believe ’ that shortest distances are straight 
lines. Poor deluded creature! Yet, have we ourselves any more reason for 
thinking that we know what are the geometrical properties of our own space ? 
May we, too, not be mistaken? Do you remember the Fitzgerald-Lorentz 
contraction? How do we know that the facts of religion are true? e.g. I know 
that my Redeemer liveth.f What do we mean by knowing? Are there dif- 
ferent ways of knowing? 


*Fundamental Concepts of Algebra and Geometry, J. W. Young. Lecture IT. 
+The college was a Church Training College. 
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If we think of parallel lines as lines which meet at infinity* there are two lines 
RPY and QPX through a given point P parallel to a given line AB (Fig. 3). 


Fie, 3. 


This is at variance with the Euclidean axiom on parallels which has had such an 
interesting history. Mathematicians wondered if it could not be deduced 
from other more primitive axioms but never succeeded in their attempts to 
prove this. Eventually, in 1826, a non-Euclidean geometry was produced by 
Lobatschewsky, a Russian, which took as one of its axioms that there are at 
least two lines through a given point parallel to a given line. Other non- 
Euclidean geometries later appeared and it was to one of these that Einstein 
had to turn in his work on the universe. 

Which geometry is true then, Euclid’s or some other? We can make the 
angle @ in figure 3 as small as we please by taking AB and P sufficiently close 
to the centre of the circle, so small in fact as to be undetectable since we cannot 
measure beyond certain limits of accuracy. The line A B would become straight 
for all practical purposes and the geometry of this hypothetical universe would 
in this case fit our universe as well as does Euclid’s. We are now thinking in 
terms of applications of geometry, for the abstract points and lines of Euclidean 
geometry have no practical existence, diagrams being unnecessary, misleading 
luxuries in this respect. We do feel intuitively, however, that we can apply 
the results of abstract geometry to our “ real” points and lines since they 
appear to work in practice. Whether or not an abstract system of geometry is 
true is a question which does not arise. Axioms cannot be regarded as 
fundamental, self-evident truths nor Euclidean geometry as revealing the true 
properties of space. Its results cannot be accepted as being true in an absolute 
sense, for other geometries fit the facts equally well in practice. 

Richardson gives an interesting example of an abstract mathematical 
science, with several different concrete interpretations,t which is as follows : 


Consider a collection of objects, of unspecified nature, and an undefined 
relation, of unspecified nature, which may hold between pairs of these objects. 
The objects in the collection will be denoted by small letters, like a, b, c, and 
we shall write aRb to mean that a has the relation (mentioned above) to b. 
Assume the following postulates. 


*If we take parallels to be lines which never meet, as is more usual in non- 
euclidean geometries, we have an infinity of lines through P parallel to AB. 

+ Taken from Fundamentals of Mathematics, M. Richardson, pp. 857, (1941), by 
kind permission of the Macmillan Co., New York. The calculus of relations was first 
studied by Augustus De Morgan and subsequently by Peirce, Frege, Russell and others 
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Postulate 1. If aRb then a is different from b. 
Postulate 2. If aRb and if bRe then aRc. 


From these postulates we deduce the following theorem. 
Theorem 1. If ab is true then bRa is false. 


Proof. By hypothesis, aRb is true. Suppose that bRa were also true. Then 
from postulate 2, we would have aRa, because aRb and bRa would imply aRa. 
But by postulate 1, aRa implies that a is different from a, which is absurd. 
Hence the supposition that bRa is true must be false since it leads to a false 
conclusion. That is, bRa is false. 

We now introduce a defined term. 


Definition. If aRb and bRc then 6 is said to be between a and c. 
Theorem 2. If b is between a and ¢ and if c is between b and d, then c is 
between a and d. 


’ 


Proof. The hypothesis * b is between a and c””’ means that aRb and bRe. 
By postulate 2, this implies that atc. The hypothesis ‘“ c is between b and d ” 
implies that bRe and cRd. But aRc and cRd means, by definition, that c is 
between a and d. 

Intuition shows us that the postulates give correct statements when 
applied to any one of the following concrete interpretations. In each case we 
then have an application of our abstract mathematical science and the 
reasoning becomes easier to follow. 

1. Let the *“‘ objects ” be natural numbers and let aRb mean “‘ a is less than 
ae 

2. Let the * objects ” be points on a line and let aRb mean “ a is to the left 
of 6”. 

3. Let the “ objects ’’ be instants of time and let aRb mean “a is before b”’, 

4. Let the “ objects ” be people, and let ab mean “a is an ancestor of b”’. 


This work recalls Russell’s amusing definition of mathematics as being the 
subject in which we never know what we are talking about nor whether what 
we say is true. So we come back to our original question—-what are the 
relative merits of Euclidean proof and intuitive, practical, demonstrations? 

The possibilities of such work in arousing interest and stimulating thought 
are very great though it must be admitted that there are students whom ideas 
fail to excite. These have to be catered for differently. 

During the second year of the course, each student turned his attention to a 
thesis, writing on some such subject as Mathematics and the Bicycle, Mathe- 
matics on the Farm, The Teaching of Arithmetic in the Primary School, Early 
Number Systems, Pattern and Design in Nature, Time and the Calendar. 
Thesis writing often involved practical investigation and wide reading, and 
teaching aspects, were usually kept well to the fore. This part of the work was 
individual but the course as a whole ran as a co-operative venture and the 
competitive element in its more harmful aspects was eliminated. Each 
student, ideally speaking, was content to measure himself against his own best. 
Although his final assessment did not depend directly on the result of written 
mathematics examinations, these were given periodically in order to maintain 
academic standards and for the satisfaction they gave under these conditions. 
It may be observed in passing that mathematics and its disciplines appear to 
be one of the few remaining strongholds against a current tendency to make 
schools little more than places of easy entertainment, and nothing should be 
done to weaken this position. Internal examinations were given periodically 
during the first year and some few students would continue them into the 
second year, until the end of the course if necessary, until they had reached a 
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satisfactory standard. That students sometimes chose the subject because 
they regarded mathematics without a final examination as a “ soft” option 
was indicated each year by the large number of entrants into, and subsequent 
withdrawals from, the course. 

That, briefly, is how the course in some of its mathematical aspects was 
conducted in practice. I submit, and others will support me, that courses 
based on these principles can succeed. They are able to give a sense of achieve- 
ment and provide students with that enriching and creative experience of 
mathematics which makes for live teaching of the subject. 

In the University Department, the emphasis is laid on the teaching rather 
than the mathematics aspect of training. The incoming student has spent 
three years in the academic atmosphere and relative freedom of a university. 
Previously he spent some 13 years at school. In one year’s time he is to be 
ready to take up the duties and responsibilities of a teacher and schoolmaster. 
He will have to be able and willing to assume a position of authority over his 
pupils and to accept responsibility for them even to the extent of playing the 
part of parent substitute. At the same time, he himself will be under authority 
in the school, that of the Head and of his senior colleagues, while he will have 
to relate as an equal to other colleagues. He must be able to adopt any one of 
these three roles at will and to switch freely from one to the other as the occasion 
demands. The schoolmaster’s task is exacting in this respect and it takes a 
mature individual to be adequate. One man may be happier under authority 
and acting under instruction and less so in the classroom where he must take 
charge. Another may be excellent in the classroom but critical and resentful 
of any form of authority from above, while a third will be uneasy in his rela- 
tions with his colleagues. Few situations can make such heavy demands in the 
field of human relationships as does that of the school and the student may 
have much to learn. His basic attitudes are revealed sooner or later in group 
work, in the classroom, and in his relationships with his various tutors. 

A schoolmaster should be an educated, cultured member of the community, 
a person to whom others can look for Jeadership. It is doubtful whether a 
mathematical education as it is usually given is adequate for this purpose. 
The mathematics student in training may find himself at some disadvantage 
with the Arts graduate, for example, in essay writing, in general knowledge, 
in discussion and self-expression. Fewer of the more able mathematics 
graduates find their way into teaching at the present time but this does not 
materially affect the argument. J. W. N. Sullivan, in an article entitled 
‘* Mathematics and Culture ”’, writes that it seems to be possible for a man to 
have great mathematical ability and yet to be in other respects practically a 
barbarian.* Furthermore, the concentrated study of mathematics, by its 
nature demanding and all-absorbing, may develop the intellect at the expense 
of heart and feelings. Indeed, it sometimes appears that the keen intellectual, 
emotional and spiritual satisfactions which go with mathematics provide the 
student with an unconscious escape from life, leaving him limited, undeveloped 
and immature in one or other direction, and with his personal problems un- 
solved. To say this is not to depreciate the value of a mathematical study nor 
to overlook its advantages, but a limited experience suggests that these are 
matters which at one time or another must have compelled the attention of all 
those engaged in the training of the mathematics teacher. 

We would all agree, I imagine, that mathematics trains and develops the 
critical and analytical faculties and that the successful application of these is 
accompanied by a sense of achievement and power. The resulting feelings of 
pleasure and satisfaction, in fact, are most useful incentives in learning for the 


* Mathematical Gazette, October, 1932. 
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teacher to use. If an unconscious need for power develops and the exercise of 
these faculties becomes compulsive, perhaps on account of some forgotten 
frustration or deep insecurity, mathematics can provide a useful outlet and 
compensation and in a field which is safe. (It was Pascal who stated that» 
mathematics does all that is claimed for it but only in connection with things 
which do not particularly matter.) Unconscious motivation of such type, we 
are told, may sometimes lie at the centre of the personality pattern of that 
asset to the School Mathematics Department, the able, conscientious and 
devoted teacher who lives for his job. In other fields, that of family relation. 
ships for instance, the consequences of such unconscious drives may be less 
fortunate. Similarly, perfectionism is practicable, wholesome and desirable 


in mathematics but elsewhere, not necessarily so. It is inconsistent with self. § 


acceptance on a reality basis, forexample. It may be accompanied by narrow 
exclusiveness, over modesty or seeming superiority, and religion, too, may be 
involved. I remember reading somewhere in the Gazette that the class of 
mathematicians tends to be disappointed with marriage and incline towards 
Anglo-Catholicism. Why do Chess, Music and Religion frequently go with 
mathematics? Kretschmer* notes a preponderance of schizothymes amongst 
mathematicians and it may be that the subject is chosen only by certain 
personality types. Ifso, the psychology of these types would be an interesting 
subject for study as would be the relationship, if any, between mathematics and 
maladjustment. How often is mathematics taken up as a refuge? Can mathe- 
matics create the problem? One would like information on the relative 
incidence of personality disturbance amongst mathematicians and non- 
mathematicians, both in and out of the teaching profession. 

University mathematics courses are not planned primarily for intending 
teachers. The student-in-training in consequence should be given instruction 
in such topics as the history of mathematics, the foundations of mathematics, 
the uses and applications of the subject, and the relation between these items 
and the teaching of school mathematics, when possible with the help and co- 
operation of the Mathematics Department. The student will face this work 
with interest and pleasure but he has often forgotten much of his elementary 
mathematics and the detailed step by step relearning of it, which the careful 
preparation of lessons entails, is a task he does not relish. Unlike his Training 
College confrére, a student entering a Training Department has already made 
his “ all-out ” effort in the academic sphere and, in gaining his degree, he con- 
siders he has reached the peak of achievement and the summit of his en- 
deavours. This reflects on his attitude to the training year and needs to be 
taken into consideration. Certainly he needs a change, and perhaps a rest 
with a chance to grow within himself, before embarking on his 40 years of 
teaching. 

Among the more important requirements for successful teaching may be 
numbered the following : 


1. Knowledge of mathematics. Liking, and feeling for, the subject. 

2. Knowledge of teaching methods and of the difficulties the subject pre- 
sents to those being taught. 

3. Liking and knowing the pupils. 

4. Common-sense, sense of humour, imagination, determination, kindness, 
vitality, emotional stability. 

5. Willingness and ability to be an actor and to play a part if necessary. 

When all is said and done, however, teaching is an art and the teacher an 
artist. No one could explain to the inexperienced and unlearned student how 


* Kretschmer, E., Physique and Character, p. 244 
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to teach, in terms he could understand, any more than a Beethoven could pass 
on his gift for musical composition. The student has to discover the art for 
himself and his tutor can do no more than explain teaching technicalities. 
Perceptive insight may come quite suddenly but only when the student is 
ready and this may be after he has left the Training Department. Though the 
art of teaching cannot be taught, it can be caught—from other teachers. 
That as I see it is why demonstration and observation lessons are valuable. 
On the other hand, the experienced teacher knows that skill in the art is not 
acquired easily by miraculous means. It is gained rather as the result of 
effortful thought, practice and experiment. 

The organisation of our Department of Education enables each subject 
tutor to meet his group of students for 6, 2 and 13 hours per week during each 
of the three terms respectively. Tutors inevitably differ in their ideas and 
practice. I personally like my students to face the practical problems of 
teaching as soon as possible and during the last Autumn Term, for example, 
it was arranged that they spent one period each week in a local Secondary 
Modern School when four classes were placed at their disposal. During the 
term, each student taught three or more criticism lessons and joined in the 
appraisal of some 40 others. In this way, many practical points of teaching 
were encountered and matters such as the following were discussed : 


1. Class control and management. Class contact. Confident assumption of 
authority. Friendliness. Humour. Relaxation. Sensitive awareness to 
children and their reactions. 

2. Voice, speech—articulation, intonation, quietness. Clear exposition. 

3. Appearance, posture, bearing, manner. 

4. Teaching v. lecturing. Getting down to level of children. Preparation 
‘lessons. Lesson notes. 

5. Driving points home. Vigour, vitality. Questioning ability. 

6. Lively, imaginative, dramatic presentation. 

7. Grading. One point atatime. . 

8. Blackboard work. How to hold the chalk. Coloured chalk. 

9. Use of illustrative material and apparatus. Practical work. 

10. How to meet the varying abilities and needs of the class. Group work. 
11. Class activities. 

12. Neatness, marking, corrections. 

13. Need for precision of thought and language. 

14. How to give out pencils. How to dismiss a class. Children who wish 
to leave the room. Interruptions. 

15. Loyalty, human values, aims and purposes of living, sense of vocation, 
respect for personality and freedom, health and physical energy, participation 
in school activities, the school as a community. 


Thus the student is prepared for teaching practice proper in the Spring Term 
when the work is continued more intensively by yourselves in the schools. 

A former colleague once gave me his formula for teaching practice super- 
vision. Whatever the standard of teaching, go up to the student after the 
lesson, pat him on the back and say, “‘ Splendid, my lad! You're doing well! 
Keep it up and I will be along to see you again next week.” He claimed that 
this method succeeded better than any other. Certain it is that confidence is 
half the battle. A tutor’s work must be individual as each student is different, 
and it can be very challenging. Why is this student unable to keep order? 
Why is another defensively withdrawn and making no contact with his 
classes? This one, though most promising, is already a school marm. Can 
she be told helpfully? An infinite variety of situations arises and their investi- 
gation and understanding may take one into the physical, psychological, 
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sociological, religious and other fields, necessitating the co-operation oj 

colleagues and occasionally of a visiting expert. The services of a psychi 

therapist are available if required, this feature of the Department being 4 

pioneer experimental venture of its kind.* How far should one be willing t# TH 
accept obvious but not crippling limitations in a student and how far is one the 
justified in attempting to resolve not-so-difficult situations? Critical situation val 
must be faced, of course. No doubt it all depends—on the student/tutor ne 
relationship, on the student’s own insight and on his willingness and desire to _ att 
take the initiative, and so on. If these are the matters of primary importance _ fro 
in the training of teachers and to the teaching profession, the aims, function reg 
and outlook of the Department as a whole are involved. We must not be to be 
assessment-minded and perhaps the usual system of examinations is out of* trv 


place. cas 
In the last resort, we come back to the problem of human nature and here] mé 
must end. an’ 
** O’er wayward childhood, woulds’t thou hold firm rule bi 
And sun thyself in light of happy faces? 
Faith, hope and love, these must be thy graces.” = 
0 | 
There at any rate, I would suggest, is the starting point of good teaching, { 4), 
whether it be in school, University or Training College. an 
W.F. an 
*See article entitled, ‘ Building a University Psychological Service ’’, Mary wr 
Swainson ; Mental Health, Winter 1951. ; 
in 
to 
<= be 
f= 
ae : j su 
1807. The thoughts of being obliged to understand Mathematicks have a 
frighted a great many from the Newtonian Philosophy: I have heard many _ },, 
Cartesians say, that if the Knowledge of Geometry was necessary for their jq 
Conviction, they had rather continue in their own way than be at so much p 
trouble.—J. T. Desaguliers, Course of Experimental Philosophy, Vol. I, 1734, = 
Preface. [Per Dr. M. L. Cartwright. Dr. Cartwright adds: “J.T. D.’s 4, 
granddaughter was my great great grandmother.”’ | is 
of 


1808. I only require Attention and Common Sense, with a very little 
Arithmetick, in my Readers, to qualify them for understanding these Lectures ; 
provided they begin the first Lecture, and go on regularly, that they may ad- ar 
vance from the earliest Truths to those more complex ones, which are deduced in 
from them ; for otherwise many things may seems difficult to a Person, who _ if 
should open thte Book at random; ...—J. T. Desaguliers, Course of Experi-  f( 
mental Philosophy, Vol. I, 1734, Preface. [Per Dr. M. L. Cartwright. ] ce 


1809. Perhaps the Mathematicians may think me a tedious and verbose in I 
my Lectures ; but such of us as have been us’d to teach, know very well, that 
one cannot be too plain and explicit with those that are not born with a 
Genius for Mathematicks (whatever Good Understanding they are otherwise 
endow’d with) nay sometimes one must make Use of such Ways of demon- 
strating as are not mathematically true, to prepare them for what is a little tl 
more abstract ; as I have been often forced to do to a large Audience, where 
close Attention is not very common.—J. T. Desaguliers, Course of Experi- ' 
mental Philosophy, Vol. I, 1734, Preface. [Per Dr. M. L. Cartwright. ] 
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A MISUSE OF SYMMETRY 
By C. O. TuckEy. 

THOSE who have the privilege of contributing new proofs of old theorems to 
the columns of the Gazette do so, normally, with complete confidence in the 
validity of the new proofs but possibly with some doubts as to whether the 
new proofs will be regarded as better than the old ones. The following 
attempt to set out new proofs for certain properties of the triangle differs 
from the norm in that there is no doubt whatever that the new proofs will be 
regarded as worse than the old ones and the only doubt is whether they will 
be regarded as valid. The doubt may arise because the aim is to deduce the 
truth of certain general theorems from the proved truth of one or two particular 
cases of the theorems. This is far from being the usual procedure in mathe- 
matics, though it is not without precedent ; for example, if we show that 
ax* + baz +¢ is zero for three values of x, it follows that it is zero for any and all 
values of x. 

The usual notation for the triangle ABC will be used, including O, J, G, H 
for the cireumcentre, incentre, centroid and orthocentre, and the only properties 
to be considered will be symmetrically stated properties: symmetry being between 
the sides a, b,c. The idea is to make use of considerations concerning symmetry 
and degree to discriminate between those properties of the isosceles triangle 
and/or the right-angled triangle which are exclusive to those special types of 
triangle and those properties which are shared by the general triangle. 

Suppose that P is the proposition to be proved and that Q is the correspond- 
ing proposition involving only the sides, the proposition which is equivalent 
to P or, if we prefer to call it so, the condition for the truth of P. Then Q will 
be obtained from P by using such formulae as sin A=24/be, R=abc/44, 
r= 4/s, and perhaps the areal or other coordinates of various points. We 
suppose that Q is obtained in integral form by clearing fractions, in which 
process care must be taken to avoid multiplying up by any factor which can 
be zero. Then if P is a proposition true for the general triangle, Q will be an 
identity ; the terms involved in Q will all cancel each other. If, however, 
P is a proposition not true for the general triangle, then Q can be expressed 
in the form f(a, b, c)=0 where f is a function not identically zero. Suppose P 
true for the isosceles triangle but not for the general triangle. Then f(a, b, c) 
must contain the factors (b-—c)(e-—a)(a—b), since the symmetrical way 
of stating that the triangle is isosceles is to say that 


(b—c)(c-—a)(a-—6)=0 


and that the triangle is isosceles must be said symmetrically. Note that this 
implies that the terms in Q cannot be of a degree lower than three. Similarly 
if P is true for the right-angled triangle but not for the general triangle, 


f(a, 6, c) must contain the factors (b? + c? — a*) (c? + a* — b*) (a* + b? — c*) and Q 


can contain no terms of degree less than six. Lastly if P is true both for the 
isosceles triangle and the right-angled triangle but not for the general triangle, 


f(a, 6, c) must contain both the sets of three factors just named and Q can 


contain no terms of degree lower than nine. 
As an example of the use of these ideas, let P be the proposition 


Zsin 2A=4sinA sin BsinC: 
then Q is 
44 b*+ Paw» 24 24 24 


be ° 2be2—S—té“‘“ SCé  c  b 
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Or a 
or, by multiplying up by a*b?c*/4, 
22a*(b*? + c? — a?) — 168 (8 — a)(s - b)(s-—c)=0. \ 


Since the terms in this are of the fourth degree (and 4< 6) this will be an” touc 
identity if P is true for the right-angled triangle. But if A is a right angle, P tria 
reads pro] 

0+2sin2B=4sin Beos B but 


which is true. ‘Thus Q is an identity and P is true for the general triangle. 

It will be seen that ideas of symmetry and degree have been used to prov 
what has been called Q to be an identity, not by working Q out in the general 
case, but by proving P true in a special case. This roundabout method may or 
may not save trouble, probably not, In the following example it certainly 
does not save any trouble. 

Take as P ** the sum of the squares of the tangents from the vertices to the 
inscribed circle plus the square of the semi-perimeter is equal to four times the 
sum of the squares of the tangents from the vertices to the nine-points circle’ 
P is easily proved true for the isosceles triangle ; if b=c each side of P works 


out to be a? + 2c?. The proposition Q reads 


mid 


(s — a)? + (s — b)? + (s—c)?+8?- 42} (b? +c? -a*?)=0. 


Since the terms of Q are of the second degree only and P is true for the isosceles 
triangle, it follows that Q is an identity and P is true for all triangles. 
As an exampie of a proposition which is true exclusively for the isosceles 
triangle, take as P the proposition “ the incentre J lies on the Euler line OG ”, 
The areal coordinates of G are (1, 1, 1) of O are (a cos A, b cos B, c cos C) and 
of I are (a, b, c). Thus Q is 
1 ] l | 
acosA beosB ceosC |\=0. of 
a b c (fe 
Replacing a cos A by a*(b? + c® — a?), ete., this will be found to work out to 
(b-c)(e-a)(a-—b)(a+b+c)?=0. Us 
This shows that P is true only if the triangle is isosceles. Notice the obligatory 
factors I7(b—c). - 
Again, the only lines through G which bisect the area of the triangle are the 
medians GA, GB, GC. If therefore the Euler line bisects the area of the triangle, 
O must lie on a median and thus some two of the triangles OBC, OCA, OAB, 
that is, some two of 4 cos A, b cos B, ¢ cos C must be equal. Now 


IT(b cos B-—c cos C)=0 


= 


if I1{b?(c? + a? — b2) — c*(a? + b? — c2)} =0 " 
that is, if IT (b? — c?) (a? — b? — c2) =0 
or if I1(b—c) . 11 (b+c) . 11 (6b? +c? —a*)=0. 
Thus the Euler line bisects the triangle if the triangle is isosceles or right-angled, yA 
but not otherwise. Note the six obligatory factors. 
The idea that certain factors are obligatory in Q, if P is true only for the 
special cases, has a repercussion on factorisation. If we feel confident that T 
sin? A + sin? B+ sin? C=2 
only if the triangle is right-angled, we may feel sure that I 
24a? A — 2a*b*c* = k (b? + c? — a?) (c? + a? — b?) (a? + b? — c?) , y 


where k& is numerical, and putting a=b=c=2 so that Z2?=3 we get k=}. 
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Or again we may think of a corresponding P to assist in factorising 
(Qabe + La(b? + c? — a*)}* —- (a+b+c)%(b+c—a)(ec+a—b)(a+b-c). 

Now consider as P the theorem, Feuerbach’s, that the nine-point circle 
touches the inscribed circle. To prove this we prove P to be true for the isosceles 
triangle and true for the right-angled triangle and show that the equivalent 
proposition Q contains terms of the eighth degree. This is done as follows, 
but the work with Q is a little complicated. 

For the isosceles triangle, P is true since both circles touch the base at its 
midpoint. 











Fic. 1. 


For the right-angled triangle, if A is the right angle, R = 4a, so that the radius 
of the nine-points circle is ja. Referred to AB, AC as axes, I is (r, r) and N is 
(jc, 46). The circles touch if IN? = (ja -—r)?, or if 

(Je — 1)? + (r — }b)?=(Ja-r)?. 
Using a?= b* + c*, this comes to 
r?—4}(b+c)r= — gar, 
or 
r 4 (6 re a), 
which is true. 
Thus P is true for the right-angled triangle as well as for the isosceles triangle. 
For the general triangle the condition for tangency is 
IN?= (3k - r)?, 
abe A\* (abcs — 84*)? 
R-r)?=|(—- =, 
84 8 648? 4? 

To find IN, take B as origin and BC as x-axis, so that J is (s—b, r). Then 
N being the midpoint of OH is 
{4(4a+c¢ cos B), }(R cos A+csin B-2R cos A)}. 

4 abe 
a 84 
f (c? + a? — b?) 7 ‘2 a(b? + c? — a?) 2" 
He IN?=3] eee Gh 420 aetgmeetnt dane 
asi late 2a ' “la 164 8 


It will be found necessary to show that JN* when simplified has no terms with 


where ( 


— 


The y of N is cos A. 


Cc 
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a? or ain the denominator. The terms in | /a? are 


. i. a I : ee) ahs 
—— (c? + a* — b?)2 + (ec? | a2 by)? + (2b%e? + 2c%a? + 2a*h? — at — b4 — ct) 
6a? a l6a? 
t 
] 
. 4e7a* 1¢?, 
l6a2 


and the terms in l/a are 
2(c?+a?—6b?)(s—b) 24% (s-—b) 
4a as 2a 


(s—b) 


{-c?-a*?+b?-(b+c-a)(a+b-c)} 


( — 2ac) c(s—b). 
2a 

a ; aa Tae 
Thus IJN?= }c?-e¢(s-b)+ (fJa—s8+b)?+8(c? +a? - b2) + : 


» 
é 


a*(b? + c? — a®)? 
(164)? 
Hence on multiplying by 1624s? we get as the condition Q, 


fF — 4(abces — 84*)?=0, 


— 4(b? +c? — a2), 


where / is of the eighth degree. It follows that P is true for the general 
triangle. 
It is not difficult to multiply examples, especially by taking those usually 
tackled by the use of the trigonometrical factor formulae. Thus if P is 
cos A + cos B+ cos C=14 4 sin $A sin $B sin $C 
then Q is 


Pia + ¢2-—q? i a ol (s — b)(s —c)(s —c)(s —a)(s- a) (s ~ )\ 
2be V I be .ca.ab J 
or 2a (b? + c? — a*) — 2abe — 8(s — a)(s — 6) (s —c)=0. 


These terms are of degree three, so if P is true for the right-angled triangle, it 
is always true. To prove P true if A is a right angle needs a little juggling 
with ,/2, for it must be shown that 


4 . . 
5 sin $B sin ({a- $B)=cos B+cosC- 1. 
/2 
Since the left-hand side is 
2 sin }B(cos $B -sin $B)=sin B+(cos B- 1), 
the equation is true. Hence P is always true. 
Perhaps some one will be more ingenious than the writer and discover an 
example for which the suggested method really saves trouble. 
c.. 0. T. 
P.S. If P is true for a triangle in which a->6b +, will it be necessary for Q, 
if not identically zero, to contain the factors 6 +c —a, ete.? If so, the trouble 
with Q in proving Feuerbach’s theorem is not needed. 


1810. One cannot describe a point of no dimensions existing in a space 
which, since one is aware of it only as an inner sensation, has neither location 
nor extent. But it is outwards from such a point that the modern artist— 
painter or sculptor or architect—seems to work.—T'he Observer, April 19, 1953. 
[Per Mr. C. E. Kemp. ] 


- 


: 


ar 
ha 
de 
we 
in 
tu 
n 
fa 


of 
sh 
2 


ti 


— b4-¢8 


»—c)} 


2 general 


e usually 
P is 


angle, it 
juggling 


Over an 


C. O. T. 
y for Q,, 


trouble 


a space 
location 
artist— 
9, 1953. 


PSEUDARIA 35 

PSEUDARIA 
One of Euclid’s lost works, the Pseudaria (or Pseudographemata), was a book 
of fallacies, designed to put beginners in geometry on their guard against 
arguments which might lead them to wrong conclusions. The plan seems to 
have been to show, by illustrative examples, the true and false methods of 
deduction side by side. (Heath, Manual of Greek Mathematics, p. 262). The 
well-known “‘ proof ”’ that all triangles are isosceles is said to have been included 
in this collection. Mr. A. P. Rollett writes: ‘‘ I have been worried for some 
time over the bad pedagogy which tells a boy about all sorts of pitfalls con- 
nected with discontinuity, non-convergence, etc., without ever letting him 
fall into the pit first and convince himself of the necessity for care ; the result 
is that he thinks his mentor unnecessarily fussy ’’. He suggests that examples 
of such traps, instead of appearing more or less at haphazard in our Notes, 
should be collected into a serially-numbered set under this heading, and that 
each item should be suitable as a text for a sermon by the teacher. Contribu- 
tions, original or drawn from sources not readily accessible, which might be 
useful in the ordinary school course will be welcome. 


1. Trigonometrical equations. 

Solve the equation sin x-cosx=1. 

If ¢=tan 32, this equation leads to 
2¢-(1-#)=1+ 2%, 


giving t= 1, from which x= 7/2, 57/2, .... The obvious solution x = 7 does not 
appear. [Consider the equation 


sin x-—cosx=1+h, 

where h tends to zero.] A. P. R. 

2. Maxima and minima. 

Find that point of the circle 

rey =s 

which is nearest to the point (2, 0). 

The distance r of (2, y) from (2, 0) is given by 

r2= (x — 2)? + y?= (4% —- 2)?+1-a29=5 - 42. 
The turning values of r* are given by d(r*)/dx=0, and are apparently non- 
existent. But if 2=cos 0, y=sin 6, we have 
r2—5-—4cos 8, 

and d(r?)/d@ is zero when sin 6= 0, giving (1, 0) as the nearest point, which is 
obviously correct. A. P. R. 

3. Infinite series. 

The series 

] 1 1 
P=1+—+—+ ae 

V2 V3 V4 
is clearly divergent, since each term is greater than the corresponding term of 
the harmonic series 2(1/n). The series 


1 
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can be written as 


a A J.)~(—-+)- 
V2 3 V4 V57 


V5 
or as 
1 ( 1 1 ) ( Se. ) pi 
1 -—~+({ — - — }+(—--—)+.... an 
V2 \V3 W4 V5 V6 q( 
1 al 
Hence 1>Q>1-—. cu 
v2 th 
1 ] 1 
Now P-Q 2(. -+—+—+ ~) ‘ r 
V2 N4 “6 
] l . 
Pm Pee re : 
V2 N3 d 
=/2.P, ig 
and so P= -Q/(V2-1). z 
But P is positive and infinite, while Q is positive and finite. (J. W. L. Glaisher). , b 
A. P. RR. 
4. Double aspect of locus. é 


v 
If A is (1, 0), B is (0, 1) and O is (0, 0), find the locus of a point P at which h 
the segments OA, OB subtend equal angles. 


I 
Using pure geometry it is easy to overlook parts of the locus. e 
Using coordinate geometry the locus is given by t 
x (z*+y?-2x)= +y(z?+y?- y) 
and appears to consist of the circle 
zi+y*=xr+y 
; ; { 
and the two straight lines 


a-y=0, 2+y=1. 
But not all the points on the circle and lines satisfy the given condition. 
The complete result is not often obtained by ‘‘ common sense’”’. A. P. R. 
5. Coaxal circles. 


Let L, L’ be the limiting points (real or imaginary) and A, B the common 
points (imaginary or real) of a coaxal system. ‘Take any point P on the radical 
axis and draw a tangent PT’ to any circle of the system. Then 

PEe=PL@=PF"*=PA.PE ; 
so, making P coincide with A, we get 
AL?=AL"*=0. 
Hence L and L’ coincide with A, and similarly they coincide with B. Y 

{If AL?=0, then either A and L coincide or A and ZL lie on a circular line. 
A brief discussion of the concept of distance in the complex euclidean plane is 
found in Archbold, Algebraic geometry of a plane, § 2 (viii).] A. A. G. 


1811. Henry Moore’s work cannot really be photographed at all with any 
degree of success unless the photographer is prepared to walk round the work, 
taking it from all the main angles of a circle (at least eight for each object).— 
News Chronicle, March 3, 1953. [Per Rev. A. F. Mackenzie.] 
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2476. Notes on Conics. 18: The theorems of Laguerre. 

In a remarkable note published in 1865 in the Comptes Rendus, Laguerre 
enunciated a series of theorems on the lengths of tangents and normals from 
an arbitrary point (p, qg) to an algebraic curve f(x, y)=0, asserting that if 
q(x, y)=9 is the equation of the aggregate of isotropic tangents to the curve, 
and h(x, y) = 90 the equation of the aggregate of linear asymptotes, then, if the 
curve does not pass through the circular points at infinity, the product mn? of 
the squares of the normals from (p, q) is a constant multiple of {f(p, q)}*¢(p, q), 
and the product mt? of the squares of the tangents is a constant multiple of 
(f(p, g)}°9(p, @)/{h(p, g)}*3 if {h(p, q)}* is the actual product of the squares of 
the distances from (p, q) to the asymptotes, the constant multiplier is the same 
in both cases. Since g(p, q) is a multiple of the product of the squares of the 
distances from (p, q) to the real foci of the curve, we can say more simply, 
ignoring directions of measurement, that the product mn of the normals is a 
multiple of the product of f(p, q) by the product of the distances from (p, q) 
to the foci, and that the product mt of the tangents is obtained by dividing mm 
by the product of the distances from the asymptotes. 

By direct elimination we can always evaluate mt? and mm? as rational functions 
4(p, 9), &(p, q) of p and q, and it is evident in advance that there are no finite 
values of p and q for which (p, q) is infinite, that 4(p, q) is infinite only if 
h(p, g) is zero, and that both functions are zero if either f(p, g) or g(p, q) is zero 
but not otherwise, Thus the composition of the functions is what we should 
expect, but arguments as general as this do not determine the powers to which 
the component functions are raised. 

For application to the conic, if we are not to assume Laguerre’s general 
theorems, we can find the eliminants. Taking for the central conic 


I(x, y) =ax? + by? -1=0, 


the equation for 7’, the square of a tangent from (p, q), is the result of elimina- 
ting x and y between the three equations 

ax?+by?=1, apx+bqy=i, 

T — (p?+q?) +2(px+qy) — (a? +y*)=0. 
Rendering the third equation homogeneous by means of the others, we have 
{T' — (p? + q*)}(ax? + by*) + 2 (px + gy) (apx + bay) — (x? + y*) =0, 

to be combined with the homogeneous equation 

(ax? + by?) — (apa + bqy)*? = 0. 


If we first remove from the equation in 7’ the term in xy, the equation takes the 
simple form 
abT (ax? + by?) — (ap? + bq? — 1) (a*x? + b*y?) =0. 


Hence the eliminant is 


| a(bT —f) 0 b(aT -f) 0 f==0, 
0 a(bT -f) 0 b(aT -f) | 
ap? -1 2bpq bq? - 1 0 
0 ap*— 1 2apq bq? - 1 


where f =f (p, q). 
This equation is given by Wolstenholme (Ex. 979) in the irrational form 


ap Bt + bq(— «)t+f(b-a)t=0, 
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where x=aTl'-f, B=bT-f. Since bx-aB=(a-—b)f, rationalisation in the 
form 

{a*p*B — b*q?« +f (ba — aB)}? + 4a°b*p*q?a8 = 0, 
that is, in the form 

{b(ap* — 1)« — a(bq? — 1)B}* + 4a*b*p*q?a8 = 0, we 
is immediate, and the function equated to zero is the expanded form of our 


determinant in 7. It is worth remarking that since Wolstenholme’s equation 
can be rationalised in two other forms 


{a*p*B + b?q?a — f (ba — aB)}* + 4a*p*fB (bx — aB)=0, 
{a*p*B + b?q?« + f (ba — aB)}* — 4b°q*fx (ba —-aB)=0, 
it may well be that a different process of reducing the dialytical eliminant — w 
would give a determinantal equation in 7' looking very different from the one 
we have found. 
To return to our problem, the evaluation of 4(p, q), the coefficient of T? in 
our determinant is 


th 


a*b?{(ap* — bq)? + 4abp?q?}, 


that is, a*b?h*®, where h(x, y) =ax*? + by? and h=h(p, q), and therefore 


a*b*h?4(p, q) = | —af 0 — bf 0 ; 
0 af 0 — bf 
ap* — | 2bpq bq? - 1 0 " 
0 ap*—1 2apq bq? - 1 


When the factor f? is removed, there remains a function of the fourth degree, 
and since this function must have as a factor the product of the squares of the 
distances from (p, q) to the two foci, the determinant, divided by f?, can be 
nothing but a constant multiple of this product. In verification, the deter- 
minant obtained, modified trivially to 


| l 0 l 0 ; 
0 l 0 I 
b(ap* — 1) 2abpq a (bq? — 1) 0 
0 b(ap? — 1) 2abpq a(bq? - 1) 


is the result of eliminating / and m between the three equations 
?+m?=0, pl+qm=1, bl*+am*=ab, 
which express that lx + my= 1 is an isotropic tangent passing through (p, q). 
That is, we have 
a*b*h?d (p, q) =f*9, 

where g(x, y)=0 is the equation of the four isotropic tangents and where, 
since the coefficient of (p? + q*)? in g(p, q) is a*b?, the function g(p, q) is a2b? 
times the product of the squares of the distances of (p, q) from the two real 


foci. Explicitly, if c=a-—b, ‘ 
g(x, y) = {ab (x* — y*) +}? + 4arbeety?. 
To find the equation for N, the square of a normal, we have to eliminate 
x and y between 
ax*+by?=1, aqxr- bpy Cry, 
N — (p? + q*) + 2(pa + qy) — (2? + y?) =0. 


If there is a short cut, I have failed to notice it, but at least it is useful to find 
that a routine process speedily provides all the information we need. We have 
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{N — (p? + q?)}(ax? + by?) — (a? 4 


and therefore, with the abbreviations 


A=aiN -(p?+q@)}-1, B=b 


we have the pair of homogeneous equations 


(age — bpy) (Aw + By*) + 2ca 
(ax® + by?) (agx — bpy)?* 
that is 
aAqx® — (bA — 2c)pary + (aB 4 
a®q?x* — 2a*bpqu*y + d.%y? 


where 6=ab*p? + a*bq? —c*. Hence 


4 (bA —2c)p (aB + 2c)q bBp 
aAq (bA — 2c)p (aB + 2c)q 
aAq (bA — 2c)p 
aAq 
a*q 2a*bpq 8 2ab*pq 
a%q? 2a*bpq 
asq? 2a*bpq 
and this equation, since bA —-aB=c, 


A 2c (2bp* + aq?) 
A 2p? 
B q* 
2c B 2aq 
a ab c 
aq* bp? 
ab b 


NOTES 


y*) + 2(px +4 


(N — (p?4 


"Y (px 4 


c*a*y* 


qy) 
0, 


2c)qay? — bBpy?® 
2ab*pq ry? 4 b*p?y4 


bBp 
(aB + 2c)q 
(bA — 2c)p 

b*p? 

2ab*pq 


C) 


qy)=0 
q*)} -1, 


0, 


0, 


bBp 
(aB + 2c)q 


b8p? 
2ab2pq 


reduces by obvious stages to 


ab 2bp* 
a Pp 

b 2q? 

ab (bp? + 2aq?) 
-¢ 


c 


39 


B 


b?p 


Oo. 


Thus we have a*b2c3y(p, q) as a determinant of degree eight in p and q, and 


composition from f and g is possible in only one 
abc (p, q) 


where 4 is obtained by replacing A by 
determinant last written. 

diagonal and has the value 
in f?g is c*, it follows that 4 is 


(ar? 


cf*?g, whence 


> way. 


~ A, 


1) and B by 
If p and q are both zero, 4 reduces to its leading 
c, and since the term independent of p and q 


Explicitly, ifr? 


(br? 4 


p+, 


1) in the 


a*b*c*s (p, q) = f*9. 
By way of exercise and verification, we have (replacing 7, by ar, + abr, — Ars 
and r, by br, + abr, — Br,), 

4 2ac {a*g® — c(ar? + 1)} 2a*b abp* 
- (ar? + 1) 2p? a p* 
— (br? + 1) q° b 2q? 

2he abq? 2ab* (b2p? + ¢ (br? + 1)} | 

aq’ bp? c 


In this determinant, 7, +7, and br, 


(r,+7,)/c —ar,+ br, 


isa multiple of f; thus 


Cr. 


-ar, are multiples of ¢, and 
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A=cf | a -b 1 0 1 | 
— (ar? +1) 0 — 2p? a — p* 
0 — (br? + 1) q -b 2q° | 
2ab 2ab — b(ar? +1) 0 —a(br? +1) 
aq? bp? 0 -—c 0 
=cf ] ap? ap* —ab 
bq? 1 bq? ab 
(abr? — b +c) (abr? — a —c) c 0 
| ? p 0 -Cc 


The combination r, — cr, — cr, is now a multiple of /, and we have 
A=; 1 ap? ap? -ab|. 
bq? 1 bq? ab 
b -—a —c 0 
| ¢@ p* 0 -¢ | 
To identify the determinant with g(p, q) is simple, but I have not seen any 
reason why the function g(p, q) takes this particular form. 
To put Laguerre’s theorems in a form independent of coordinates, let the 
line joining O, the point (p, qg), to the centre C cut the polar of O in V. Then 


(ap? + bq?) /OC =1/VC=f(p, qg)/OV, 
and Laguerre’s tangent theorem is 
OP .0Q | OS .OS’=OV/OC, 


the multiplying constant being determined most simply by consideration of 
limits as O tends to infinity. This theorem is well known, though it has not 
hitherto, I think, been associated with the name of Laguerre. It occurs as an 
exercise in some books (e.g. in Taylor’s Ancient and Modern Geometry of Conics, 
on p. 130), and it is proved by Milne and Davis (p. 196) on the way to a theorem 
they find more interesting. 

It is worth noticing that this theorem on the lengths of tangents is not an 
exception to the principle that a relation between lengths, unless it is a 
relation between squares of lengths, requires a relation between directions 
to give ita meaning. The ratio OV /OC has a definite sign. On the other hand, 
the pairs of lines OP, OQ and OS, OS’ are mutually isoclinal: the crosses 
(OP, OS), (OS’, OQ) are congruent. If directions are given to three of the four 
lines concerned, the condition that an angle from OP to OS is to be equal to 
an angle from OS’ to OQ determines the direction to be assigned to the fourth 
line, and with this relation between the directions, there is no ambiguity in the 
sign of OP .OQ / OS .OS’ although the signs of three of the terms are arbitrary. 
To put the matter differently, the unique point R which is such that the 
triangles OPS, OS’R are directly similar is in the line OQ, and we can interpret 
the equality of ratios OP/OS = OS’/OR as including the similarity, and regard 
the equality of products OP .OR=OS . OS’ as carrying the same implications 
as the equality of ratios. Then OP .OQ/OS.OS’ is identified with OQ / OR, 
and this ratio can be significantly equated to OV /OC, expressing that CR is 
parallel to VQ, that is, is the diameter conjugate to CO: Laguerre’s theorem 
asserts that if the diameter conjugate to CO cuts OQ in R, then the triangles 
OPS, OS’R are similar, a single statement which in fact asserts four distinct 
similarities associated with the one pair of tangents. The relevance of the 
isoclinal condition can be seen in another way. If H is the image of the focus 
S in the tangent OP, the crosses (OP, OQ), (OH, OS’) are congruent, and the | 
ratio OP .OQ / OH .OS’ can be equated to the ratio of the areas of the triangles 
OPQ, OHS’ ; it is this ratio which is proved equal to OV/VC. 
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The normal theorem can be put in a variety of forms. Since f(p,q)=OV/VC, 
mn is proportional to OS .OS’.OV/VC. The constant factor in 1m? is 1/c*, 
but it must not be taken for granted that a relation does exist between the 
four normal directions and the two focal directions which can render the 
extraction of a square root significant with one sign rather than the other. 
The product mm is a constant multiple of the product of mt and OC/VC, and 
in the case of the hyperbola mn is equal numerically to the product of mt by the 
product of the distances of O from the two asymptotes. This result too is to be 
found among examples (e.g. in Smith’s Conic Sections, at the end of Chapter 
10). 

For the parabola, which has no asymptotes and only one pair of isotropic 
tangents, the functions f (x,y) and g(x,y) have the same degree and the argument 
from decomposition of the degree of ¢ (p,q) and (p,q) is not available, but we can 
apply an argument from limits or factorise the eliminants. Iff(z, y) =4ax — y’, 
and if the diameter through O cuts the curve in U and the polar of O in IV’, 
then f(p,q)=4AS.OU=2AS.0OV, and Liouville’s tangent theorem is 
OP .OQ=20S8 . OV, that is, 


OP .0Q=08 .OW, 


where W is the fourth vertex of the parallelogram of which OP, OQ are sides. 
This theorem again is familiar, in the form that the triangles OPS, OWQ are 
similar. The product of the three normals is numerically equal to 


248.08 .0V, 
that is, to AS.OP .OQ. 

Readers who are interested in the distinction between real and imaginary 
will not have failed to notice that the possibility of two tangents and three 
normals can be realised for a parabola and the possibility of two tangents and 
four normals for any central conic whose eccentricity is greater than 1/,/2, but 
that for the semi-cubical parabola of the Tripos question which provoked 
Mr. Durell to open the whole enqujry (see the Gazette, XXXVII, p. 58) 
the possibility of four normals is quite unreal. E.H.N 

2477. The expression of Pdx+Q dy +R dz in the form du +v dw. 

1. This problem is dealt with in Forsyth’s T'reatise on Differential Equations, 
pp. 327-331, and in Ince’s Ordinary Differential Equations, pp. 57-59, but both 
these books seem to omit an essential part of the discussion. They find u, v 
and w from conditions which are proved to be necessary, but to prove that the 
transformation can always be made they should also prove that the conditions 
are sufficient. An argument which deduces one equation from three others is 
not reversible. 

We give two proofs of this sufficiency. The first is very short, based on the 
condition for the complete integrability of a total differential equation. The 
second is longer, but it corresponds more closely to the actual process used for 
examples. Moreover, it gives an explicit form for v which we have not seen 
before. Neither of these two proofs appears in any book or paper known to 
us; advanced books, such as Forsyth’s Theory of Differential Equations, 
Goursat’s Le Probléme de Pfaff, or Schouten and Kulk’s Pfaff’s Problem and its 
Ceneralizations, deal with the generalization to n dimensions and use very 
complicated methods. We conclude with a reference to the geometrical and 
hydrodynamical significance of the transformation. 

2. First proof. Using P, Q, R, u, v, w to denote functions of x, y, z, what 
we wish to prove is that, given P, Q, R, we can always find w such that 


re 
Pdx+Qdy+Rdz-du=2 (p on f dx=0 
Ox 
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is completely integrable and so is reducible to the form v dw=0. The condition 
necessary and sufficient for this is 


5 (P _ =) fa (0 a “i 7 L. (R . =H ‘nil 
dx/ lez oy oy Cz] J 


ee =P “o- =) 5 (> =) ~ 
oz (Oy oz = Oy/ Ox 
, yy be ep Oe , ou | , Ou | 
say PP’ + QQ’ + RR’ =! = Q By R ag ( ciitettiseseses (1 


If P’, Q’, R’ are all identically zero, P dx + Q dy + R dz is an exact differential, 
say dw, so we can take w=0 and v=1. In all other cases, by the existence 
theorem for partial differential equations, an integral of (1) can always be 
found if P, Q, R, P’, Q’, R’ and their first partial derivates are continuous, 


This completes the proof, which however does not show the process actually 
used to determine v and w in examples. 
O*u C*u 


[This proof assumes that , with two similar relations. In the 


Ou Oy Oy Ox 
second proof we shall make a similar assumption for f(x, y, c).] 

3. Second proof. The necessary and sufficient condition that the replace- 
ment of z by f (x, y, c), where c is —Aapaageng: _— reduce 2=Pdx+Qdy+Rdz 
to a perfect differential, say dd (x, y, c), 
oz 
Ox 


a 
[ what P+R becomes when z=f (x, y, o) | 
CL 


CG) 


= [ what QQ + 
Ox 
i.e., that z=f(x, y, c) should satisfy 


oP oP a oR | OR 02z\ ez oz 
Seg er rs =) a R a 
oz Oy] Ox C 


a 
C2 
~ becomes when z=f (x, y, e) | 3 
cy 


ey oy Oy Oz Ox Oy 
0Q 0Q oz tes oR = oz R 0*z 
a T & T = ee = 
Ox 02 Ox Ox Oz Ox/ Oy dy Ox’ 
: , OZ oz 
9.605 De RN BB sn eencwnsinnt once dassnasscens senses (2) 
Ox oy 


By the existence theorem, a function f can always be found to satisfy (2) if 
P’, Q’, R’ have continuous first partial derivatives. Alternatively we can find 


w(x, y, z2)=c to satisfy 


and then take z=/(x, y, c) to be any one consequence of w(x, y, z)=c. Hence 
z=f(x, y, c) reduces 2 to 


0d (x, y, C) _ , Of (x, Y, €) 
ae dx + ay dy 
so z=f (x, y, w) reduces 2 to 
$a Yn W) g , OB(a, 1) ays Led. 
Cx rar) al 


dw 
dd (x, y, w) 4 i Of (a, y» w) Og (x, y, w) | 
J ( 


= r dw. 
Ow ow y] 


wr 


W 


so 
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‘ondition Now replace w by its expression in terms of x, y, z, and the final result may be 
written Q=du+v dw, as required. 
4. Example. Take P=y, Q=z, R=x. Then P’=Q’=R’=1, and 
Ow Ow dw 
t ; 0. 


Ox Oy © 


We may take w to be any integral, involving z, of 
dx dy dz 
1 i 
erential, | Take w=z-a=c. Then z=x+c reduces Q=ydx+zdy+axdz to 
*xistence 
ways be 
tinuous, so we may take ¢(z, y, c) as ry + cy + 4x, 


y dx+(x+c)dy+adxr=dd4(x, y, c), 


actually z 

ally . od 
(x, y, Ww) =xy + wy + 4a", so ~ y. 

Cw 

In the ; 
u=d(2, ¥, 2-2) =Yy2+ $2". 
"a _ (x, y¥, W) =2+ Ww, SO = R. 

replace I(x, y, wv) Ow 


ly+R dz 
R Of (x, y,w) Od(x, y, w) 


. a-y 
ow ow : 


so finally Q=d(yz + 4x?) + (w- y)d(z-2). 


Forsyth and Ince take w=a-y=c, and get u=zx+ 4y*, v=y-Zz, using a 
different process to obtain v. There is an infinite variety of possible values for 
u,v, W. 

5. Some books make deductions from the result 2 =u + v dw which, although 
perfectly correct, are somewhat misleading. It is quite true that 2=0 can be 
satisfied by various pairs of algebraic equations involving u, v, w, such as 
: Oy Ous 


u=a, w=Cc; or u=a, v=90, or #(u, w)=90, 0; where a and ¢ are 


Cu Cw 
constants and y% is an arbitrary function, but these solutions create the 
(2) impression that the surfaces w=a, v=0, w=c have a special geometrical 


relation to the differential equation. As a matter of fact, if we attempt to 
ry (2) if, Tepeat the work of the second proof with any surface W =c, not an integral of 
equation (3), the only difference will be that instead of the perfect differential 
dd(x, y, c) we shall get A(x, y, c) dd(a, y,c), and finally 2=MdU+V dw, 
where M, U, V, W are functions of x, y, z. Thus the pair of algebraic equations 


an find 


U=a, W=c gives a solution. In geometrical terms, corresponding to any 
eoeceela) surface we can find a singly-infinite system of other surfaces such that their 
curves of intersection with the original surface are curves along which the 
Hence differential equation is satisfied. (The exceptional case when all curves on the 


original surface satisfy the differential equation has been treated by one of us 
in a paper entitled ‘* Exceptional integrals of a not completely integrable 
total differential equation *’, Proc. Glasgow Math. Ass., 1, 137, 1953). 

However from a hydrodynamical] standpoint v and w have a special signifi- 
cance. If P,Q, R are the components of velocity of the particle of fluid at the 
point (x, y, z), then the curves of intersection of v=const., w=const. are 
vortex lines. This is used in Clebsch’s transformation of the hydrodynamical 
equations (see Lamb’s Hydrodynamics, 6th ed., pp. 248-9). 

H. T. H. Pracero. 
D. FF. Ho~Man. 
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2478. Congruent triangles. 


In the familiar development of Euclid’s geometry the two cases of con. 


gruence, SAS and SAA, are “ proved” by the method of superposition anj, 


the case SSS is then deduced. This double appeal to superposition car 
however be avoided as both the cases SAA, SSS can be proved, using onl; 
SAS and the parallel axiom. If SAS is then postulated as an axiom, th 
method of superposition may be dispensed with entirely. To derive SAA 
from SAS we need the following two properties of a parallelogram. 

Lemma I. If the sides AB, CD of the quadrilateral ABCD are equal and paral: 
lel, then ABCD is a parallelogram. 

For in the triangles ABC, CDA the alternate angles BAC, ACD are equal, 
AC is common and AB= DC. Hence, by SAS, the triangles ABC, CDA an 
congruent, so that the angles BCA, CAD are equal, and BC, AD are equal and 
parallel. 

Lemma II. If ABCD is a parallelogram then BC = AD. 

Set off AD’ along AD so that AD’= BC. Then, by Lemma I, CD’ is parallel 
to AB. But CD is the only parallel to AB through C, so that CD coincides 
with CD’, and so BC=AD. 

Theorem I. SAA follows from SAS. 

In the triangles ABC, A’B’C’, the sides AB, A’B’ are equal, the angles 
ABC, A’B’C’ are equal, and so are the angles ACB, A’C’B’. 


= E A' 








8 C B' c' 
Fia. 

To prove that the triangles ABC, A’B’C’ are congruent, produce BC to D, 
making CD = B’C’, and draw CE equal and parallel to BA. The angles ECD, 
ABC are corresponding, and so the angles ECD, A’B’C’ are equal. Since 
CE=AB, it follows that CE=A’B’ and so the triangles ECD, A’B’C’ are 
congruent by SAS. Hence LEDC=2A’C’B’, and so LEDC=ZACB. 
Therefore AC, ED are parallel. Since AB, EC are equal and parallel, by 
Lemma I we have that AZ, BC are equal and parallel. Since AE, CD are 
parallel, and AC, ED are parallel, by Lemma IL we have AE=CD. Since 
BC and CD arg both equal to AE, they are equal to one another and therefore, 
in the triangles ABC, ECD, 

BC=CD, LABC=LECD, AB=EC, 
which proves that the triangles ABC, ECD are congruent. Since the triangles 
ABC, A’B’C’ are each congruent with the triangle HCD, they are congruent 
with each other. 

Theorem II. SSS follows from SAS. 

The standard proof by constructing a triangle BDC on the side of BC 
opposite to A, with angle CBD equal to angle A’B’C’ and BD= B’A’, applies 
unchanged. It suffices to observe that the proof that the base angles of an 
isosceles triangle are equal uses only SAS. 


PETER GOODSTEIN. 
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2479. De-gaussing Gauss. 

The well-known Gauss theorem on the density of primes states that A, 
(the statistical average of primes inside any number 7) varies as n/log n. 
While this is approximately true of very large numbers, it is considerably 
“out ” for small numbers, e.g., from 1000 down to 3. In Note 2373 (Decem- 
ber, 1953) two “‘ correcting factors ’’ are offered by Dr. B. E. Lawrence. But 
neither of them tends to the limit unity as n tends to infinity. 

The multiplying factor Z which I now suggest is 


ant (n) 


{ e } 10 
(1 + 1/n)™ 


The exponent f(r) is needed because if in Z we take f(n)=1, the whole ex- 
pression tends to exp(7/20), not to 1. But if n is replaced by n/\, where f(n) is 
any function such that f(0)=1 and f(n) decreases slowly and steadily to a 
limit slightly less than 1, then 


_7 sons{ . a) 
log Z 10" = *? n? if 


and tends to zero, so that Z tends to 1. 

This formula Z has been fed into an electronic brain for all numbers 3 to 
100. It shows that all these results agree with reality to the nearest higher 
integer, with a difference of only 0 or | (the sole exception being n = 73, with 
deviation of - 2). And, the important point, this new formula coalesces with 
Gauss at infinity. 
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To save valuable space, I give only a condensation of the electronic com- 
putations : 


Value of “* Devia- 


Gauss Value The mew the whole Actual tion” from 
Value of a Multiply- Formula to Number | Reality in 
of n n ing I actor nearest of terms of 
log n Z higher Primes | Integers 
| Integer | 
5 3-106 =| 1-14895 4 0 
10 4-343 1-15874 6 +] 
15 5-535 1-16233 7 0 
20 6-676 | 1-16420 | 8 9 -1 
30 8-820 | 166k | WW | ou | 0 
40 10-843 | 1-16709 13 | 13 | 0 
50 12-78 | 1-16768 | 15 | 16 | = 
60 14-65 | 1-16807 18 18 0 
70 16-48 | 1-16836 | 20 20 | 0 
80 18-25 | 116857 22 s | «3! 
90 20-00 | 1-16874 24 25 -1 
100 | 21-72 | 116887 26 | 26 | 0 
1000 | (144-78 | 1:1622 | 169 | 168 +1 
Onwards | Diminishes | 
to In- | down to 1 
’ finity | | 
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The new formula is, of course, “ empirical”. The question now arises; |i 
It fits. But has it any real mathematical significance in the Theory of Numbers) 5! 
This may depend on the funetion f(). lin 


Max Rrrsoyx,, 3! 
2480. More modern conveniences. edg 


1. In a previous note* I discussed the greatest number of non-intersecting 




















nn 
ei 




















Fia. 2. 


* ** All modern conveniences ’’; Math. Gazette. | , 
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lines joining two sets d,(r=1, 2,...,m), B,(s=1, 2,...,) of points on a 
simple surface, such that each line joined an A to a B point and at most one 
line joined each pair of points. The extension to multiply-connected surfaces 
is simple, as before, call each of the m+n points a vertex, each line segment an 
edge, and any part of the surface bounded by edges having no vertices in its 
interior a face. We have immediately either that a complete connection of 























Fig. 3. 
mn lines can be drawn or that when as many lines as possible have been drawn 
each face is quadrilateral, and so 
4F=2E, 
and by Euler’s formula for an (r+ 1)-ly connected surface (i.e. topologically 
equivalent to a sphere with r handles) 
V-EH+F=2(1-r). 
Hence 
E=2V-4(1-7r); 
ie. the number of lines which can be drawn is 
2(m+n+ 2r—2). 
But the number of lines required for a complete connection is mn, and so for a 
complete connection we must have 
r>i(m-—2)(n-2). 
2. The drawing of a complete network for a simply connected surface (the 
case min (m, n) <2) is obvious, but in the cases in which r 40 and 3(m — 2) (n — 2) 
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is an integer (cases in which }(m-—2)(n- 2) is not an integer need not be 
considered, being obtained by omitting appropriate lines from other cases) 
some thought may be needed. I give one example for each of r= 1, 2, 3; the 


simplest I give twice, once in perspective (using a hole rather than a handle) | 


and once in plan ; the other two in plan only. 











Fia. 4. 


In the drawings the two sets of points are shown as black and white ; dotted 
circles indicate where a handle leaves the plane of the paper, and the lines 
which use that handle are identified by numbers at its two ends (note that if 
four lines use a handle their cyclic order must be apparently reversed on 
reappearing). 


H. ApSrmon. 


2481. On the solution of inferential problems by Boole algebra. 

May I add a word to Mr. Fletcher’s intriguing paper (XXXVI, No. 317, 
p. 183)? 

One may perhaps question the value of working with “ negations” in 
examples 2 and 3—and more generally. It is certainly of interest to note, as 
in example 3, that the pair of relations zy=0 and x+y=1 are together 
equivalent to the single relation zy’ + x’y=1; but in practice it may be easier 
to work with the pair. The use of negations in example 2 might indeed have 
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been more thorough-going ; the exclusion relations (1) and (3) could have been 
replaced by 
ABO, +4, BC! + A, B/C, =1 
and this, when multiplied by relation (5), yields 
A,’B,C,‘@,’=1. (Note that C,’C,’=C,,). 
Alternative solutions, eschewing negations, are as follows. 


Example 2. 
Relation (5) is replaced by 
A,B,C, + (By + By) (Ap + Ay)Cy t+ (Cy + C,) (A, +A,)B,=1. 
The first term vanishes by virtue of an exclusion relation, so we have 
(A, + Ay){C;(By + By) + B,(C,) + C,)}=1, 
which reduces to 
A,B,C,,=1. 
Example 3. 
From C,+B,=1, C,+D,;=1, Dy+A,=1, by multiplying and using the 
exclusion relations, one quickly reaches the conclusion 
AO Di. 


It is noteworthy that the solution is achieved without using the relations 
C,B,=0, C,D,=0, D,A,=90; that is, without using the datum that of each 
pair of assertions, only one was true. If we had been told simply ‘“ None of the 
three made two false statements,” that would have sufficed. 

[ add the remark that, in example 1, the expansion of (2) leads to CD=0 
without using (1), because in this problem any term consisting of three factors 
must vanish ; indeed, of the five relations in (1), only one, namely 7'C = 0, is 
necessary for the final reduction. 

A. G. SILLITTO. 


2482. A note on the solution of inferential problems by Boole algebra. 

Mr. T. J. Fletcher (Gazette, September 1952, p. 183 et seq.) has placed a 
razor-edged weapon in the hands of the opportunists, and he will perhaps not 
be offended if one such executes a few dangerous flourishes with it. 

1. Using the notation of Mr. Fletcher's Example 2 (p. 186) and multiplying 
the relation 

A,+B,+C,=1 
all through by A 


r we get 


A,?+A,B,+A,C,=A,. 
But A,?=A,, so that 
AB = A£0,= 0: 


Hence Mr. Fletcher’s equations (1) and (3) are not independent. This leads us 
to consider whether it is not possible to solve some of the problems by using 
the linear exclusion relations only. 

2. Mr. Fletcher’s Example 1. From the boys’ statements, since four named 
a miscreant correctly, 


C+44+D4+7T4+74+C0+H+C+D+/7=4 


or 30+ 2D+G+H+J7+27T=4. 
But C+D+G+H+J/7+T7=2, 
so that 20+D+T=2. 


D 








50 THE MATHEMATICAL GAZETTE 


Hence 1) + T’'= 1 is impossible since this makes C=4. So D=7'=0 and C =], 
Thus James is identified as the outright liar, and from the remaining state. 
ments we have rapidly that G- H—0 and J=1. 

3. Example 2.) From the data, 


A+ B,’+C,'=1. 
Adding B, + C;, to each side, we have 


A, +B, +B,’ +(C;'+C,=14+B,+C, 


r r r 
or A, T 1 B. T C;- 


r 


Adding B,+C,+(C,, to each side, we have 


(A,+B,+C,)+1+C,=2B,+(C,+C,+C,) 
which reduces to 1+C,,=2B,, 
whence Cp,=1, B=. 


4. Example 3. From the data, 
CoPGg=1, Cet Bysh, Dy Ag Ve cscicmcscsccessicecs (i) 
Adding three of the exclusion relations together we have 
A, + B,+C,+D,+ D,+ D,+D,+D,+C,+C,+C,+C,=3. 
Using equations (i), this reduces to 
D, + 2D,+C,+C3+C,=0 
so that D,= D,=C,=C€,=C,=. 

Hence C,=1, and we have in turn B,=0, A,=1, D,=0 and D,=1. 

5. In Example 4, the use of product terms seems to be inevitable, although 
one may perhaps be permitted to suggest that Mr. Fletcher’s summation 
method is a cunning way of enumerating possible cases and ruling out those 
to which there is a logical objection. 

R. SIBSON. 


2483. The quotient of two quadratic functions. 


In Note 2294 (September 1952) Professor H. T. H. Piaggio discusses the 

construction of functions of the form 

(ax* + ba + c)/(a’x? + b’x +’) 
with given maximum and minimum values. All forms of these functions are 
included in 

: : A(px + q)? + (ra +s)? 

N (px + q)? + p’ (rx +s)? 
where p, q, 7, 8, A, A’, 4, »’ are real if the range of y is restricted for real values 
of x. 

If none of p,r, A’, x” be zero, the function has turning points at (-q/p, p/p’), 
(—7r/s, \/A’) and lies inside or outside the range p/p’, 4/\’ according as A’/p’ is 
positive or negative. Without loss of generality \’ and p may be supposed not 
zero. Then if r be zero, the graph of the function has one turning point at 
(—q/p, p/p’) and does not cross its asymptote y= A/d’.. If p’ be zero, the 
graph extends to infinity, crossing its asymptote, on one side only of the 
turning point (—<s/r, \/d’). If both r and yp’ are zero the graph lies entirely on 
one side of the asymptote y= A/)’. 
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As a numerical example, a particular curve having turning points at (2,1) 
and (3, 4) is 
9 (2 — 3)? —4(a% - 2)? 
9(x - 3)? -- (a 2)? 
F (a — 5) (5a — 13) 
that is, y= (2x — 7) ae 1) 


, 


To verify that the functions have the stated properties is straightforward. 
We now prove that real values of p, q, 7, 8, A, \’, w, »’ can be found when the 
range of 

y = (ax? + ba + c)/(a’x? + b’a + ¢’) 
is restricted. When z is real. 
(a’y —a)x* + (b’'y — b)x+(c’'y-—c)>9, 
and therefore 
(b’y — b)? — 4(a’y — a) (c’'y —c) >0, 
that is, 
(b’? — 4a’c’) y? — 2 (bb’ — 2ac’ — 2a’c)y + (b? — 4ac) > 0. 
Therefore the value of y is restricted if 
(bb’ — 2ac’ — 2a’c)? — (b’? — 4a’c’) (b? — 4ac) > 0. 
This condition reduces to 
(ca’ — c’a)* — (ab’ — a’b) (bc’ — b’c) > 0. 
The expression cannot be zero if az? +bxr+c, a’x?+b’a+c’ have no common 
factor. 

Now let A (px +q)? + p (rx + 8)? =ax* + ba +e, 

NV (pet gq)? +p’ (rx +8)?=a’'x?+b’x+c’; 
then p-A+ry—a=0, 
2pqa L 2rsp -b=0, 
@A+s*%n-c=0. 


Therefore | p? dh a 0. 
2pq 2rs b 
q 8? c 


This reduces to 
(ps — qr) {2aqs — b(qr + ps) + 2cpr}=0. 
If ax? +bx+c is not a multiple of a’x*+b’x+c’, then ps #qr. 
Hence 2aqs — b(qr + ps) + 2cpr=0, 
2a’qs — b’(qr + ps) + 2c’pr = 0, 
ica 2q8 — (qr + ps) 2pr 
giving a 5 lll aad a 
be’-b’e =—ca’—c’'a—s ab’ -a’b 
Therefore as none of the denominators is zero, p/q and r/s are the roots of 
(bc’ — b’c) z2 + 2 (ca’ — c’a) z+ (ab’ —a’b)=0 
and are real (and in consequence 4, X’, p, p’ are real) if 
(ca’ — c’a)? — 4(be’ — b’c) (ab’ — a’b) > 0 


which is also the condition that the range of values of y should be restricted. 
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If bc’ - b’c=0, or b/b’=c/c’, then the function can be expressed as 
Ax? + (rv + 8)* 
Nx? + p' (re +8)?’ 
similarly if ab’ —- a’b=0, the function can be expressed as 


A+ p(ra +s)? 





rN’ + pw (ra +8)?" 
If both bc’ — b’c and ab’ -a’b are zero, then y is a constant. 
If ca’ —c’a=0 (neither be’ — b’c, ab’ — a’b being zero), the condition 
(ca’ — c’a)* — 4(bce’ — b’c) (ab’ — a’b) >0 
reduces to a/e>0. But for pr, gs to be finite, gr+ps=0. Then the relation 
2aqs — b (qr + ps) + 2cpr=0 

reduces to p?/q?=a/c. Hence the ratio p/g is real. 
C. V. GREG«. 

2484. Integral solutions of the equation 1? +-m?+n?= p?. 

In manufacturing numerical examples on direction cosines it may be de- 
sirable to assign values to l, m, n such that l*+ m?+n? is a perfect square. 
Let 1, m have any integral values of which one at least is even. Let a, b be 
factors of l?+ m?, then if 

n=}(a-b), p=}(a+b), 
we have the desired result. 
For example, let 1= 2, m=3, then 1? + m?=13=1.13, and n=6, p=7. 
(It is easily shown that 


n* + (n+1)?+{n(n+ 1)}* 
is always a perfect square.) 
C. V. GREGG. 

2485. The chance of real roots for a quadratic equation. 

Everyone who, in his rasher moments, invents a quadratic equation for 
solution is haunted by the fear that it will turn out not to have real roots. 
This can, of course, be allayed by keeping the “last ’’ term negative, but the 
restriction on a large scale is undesirable. What, then, are the chances that 
the quadratic equation 

#+22t+y=0 (a, y real) 
will have real roots? 

The solution which follows will probably be regarded as unacceptable,* but 
may serve to irlvite discussion. At any rate, the answer is simple. 

The notation has been chosen to imply that the coefficients denoted by 
x, y may be regarded as coordinates in a plane. (Compare an article by the 
writer in the Gazette, X XI (1937), p. 46). For real roots, the representing points 
lie “ outside ” the parabola 

y=a" ; 
for imaginary roots they are “‘ inside ’’. 

In order to decide on the ratio of these two areas, consider the rectangle of 

vertices (+k, +k*). The part of the “ inside” of the parabola within that 


* I ought perhaps to say in self-defence that I can suggest alternatives; but the 
answers are less attractive. 
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rectangle has area 


k 
k® x (2k) - @ a? dx = $k? ; 


> 


and the “ outside ” of the parabola within the rectangle is 


k 
k? x (2k) + a x? dx = $k’, 


Hence 
area for real roots 2 


area for imaginary roots 1° 


By letting / increase indefinitely, the whole plane is covered, and so the odds 
are 2 to 1 in favour of real roots. 
Note that, if the coefficient y is kept positive, then the odds are 2 to 1 against 
real roots. 
K. A. MAXWELL. 


2486. On a property of circles. 

In the Gazette (February 1952), p. 53, Mr. Dirac gave the following extensions 
of Gallai’s theorem : 

(A) If a finite set of real points in a plane has the property that the circle 
through the base point X and any two points of the set contains a third point 
of the set, then all the points of the set lie on one circle. 

(B) If a finite set of real points in a plane has the property that the circle 
through any three points of the set contains a fourth point of the set, then all 
the points of the set lie on one circle. 

Like Mr. Dirac, I cannot provide a proof of theorem A without using 
Gallai’s theorem, but below is an extension of theorem A using entirely non- 
metrical methods. , 

(C) If a finite set of real points has the property that the conic through 
three base points X, Y, Z (not members of the set) and through any two 
points of the set contains a third point of the set, then all the points of the set 
lie on one conic. 

For, suppose the theorem false, and let P, P., ... , P,, be a set of real points 
satisfying the set property, but not all lying on one conic. Let p; be the 
harmonic polar line of P; with respect to the triangle X YZ, and denote the 
intersection of p; and p; by Q;;._ We then have a configuration of lines p and 
points Q@. Taking one of the points, say Q;;, there are at least two lines of the 
configuration through it. But the conic X YZP,P; contains a third point of 
the set, P;, say. Furthermore it is well-known that p,, p;, p; are concurrent. 
Hence there is a third line of the configuration through Q;,;, namely p;,. There- 
fore the lines p have the property that a point lying on two of them lies also 
onathird. By the dual of Gallai, this is impossible, and the theorem is proved. 

Having proved theorem C, we may produce further theorems in which 
there are two base points X, Y, or one base point X, or no base points. 

In the above argument the base points have been presumed real, so that the 
harmonic polars may be real. It is possible that an adaptation of the argument, 
or a suitable transformation, will allow us to take one or more of them to be 
imaginary, and also one or two of the points of the set to be imaginary. But 
we cannot allow effectively all the points in the set to be imaginary, for Gallai’s 
theorem fails when applied to the nine inflexions of the irrational plane cubic 
curve. 

S. N. CoLiines. 
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2487. King Paths on a Chessboard. 

The object of this note is to present a short elementary solution to a problem 
treated in a recent paper in this journal. ‘“* On the Solution of Linear Difference 
Equations’. (D. F. Lawden, Math. Gazette. Vol. XXXVI pp. 193-196.) 

The problem may be stated as follows: How many “ paths” are ther 
from (0, 0) to (n, n) where the possible ‘‘ moves” are of three kinds—(1 
increasing the 2 coordinate by 1, (2) increasing the y coordinate by 1, and (3 
increasing both the x and y coordinates by 1. This can also be neatly formu- 
lated in terms of king moves on a chessboard. 

We first note that if a path involves r steps of type (3) then the number of 
steps of types (1) and (2) will be n—r each. Since the various steps can be 
made in any order the number of paths with r steps of type (3) will be 


(2n-r)! 
ri(n—r)!?° 


Thus the total number of paths is 


9 


e) 
— 
m3 


} 
In order to identify this with P,(3), the solution obtained in the paper 
mentioned, we may proceed as follows : 
Starting with a standard form of the Legendre polynomial we have 


r 14 ' x r 
P(x) F( n,n+131; . *) by gia (: =) 5 
2 r orl? (n r)! 2 


Now replacing r by n—r and reversing the order of summation yields 


n » “)! r 
Pia= 2? (é ). 
r ort(n r)!? P- 


The identification is completed by putting a= 3. 
LEO Moser. 
University of Alberta. 


2488. Another approach to the logarithmic and exponential functions. 
Let F(x) be defined by the equation 
"(a c Gi Puig Ksbsteneeeswie lense enediceyseseeien (I 
de" to 
where ¢ is some constant ; and consider the function inverse to F' (x), namely 
y = E(x), which implies «= F'(y). 
dx | dy _ 
, and so : Os. cderusccciaanertcesucess vemwer (il) 
dy sy dx * 
We seek, together, the two functions, mutually inverse, which satisfy the 
equations (i) and (ii). 


Now 
d na®-! n d 
F g ht 1” . 
dx [2 (@")] an x " dx LP ()]. 
Thus F(x") —nF (x)= a constant, independent of «x, 


F(1)-nF (1), putting x=1. 


We now choose the constant c so that /’(1)=0 (and so E(0)=1). 


al 
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Then F(a") =nF (2). 
problem Denoting F(x) by z, so that x= F(z), we have 
difference ( wits 
196.) F{E (z)}"=nz, 

, so that 

ire ther so t : ; 
nds—(] {E (z)}" = E (nz). 
, and (3 Putting z= 1, this yields 
y formu. {E(1)}"=E(n). 


‘riting e for the number (1), we have 
umber of W 5 (1) 
s can be | E(n) =e", and E(x) =e", 
be : " : 7 . 
. and so the inverse function, F(x), is log, x. 

A. G. SILLITTO. 


2489. Iive-interval and seven-interval formulae for approximate integration. 
For some work in approximate integration it was necessary to have a five- 
interval formula possessing about the same degree of accuracy as Simpson's 
{ rule. The following formula was found : 


e€ paper a+5bu Bw ; 
{' ydu= 48 (3 (Yot Ys) +13 (Yr + Ya) + 8(Yot Ya)fe -cceceeereeees (1) 


This suggested a search for a seven-interval formula, which led to the 
simpler result : 


a+iw Tw 2 ss 
i y dx 24 {Yo t Yo t D(Yr + Yo) + 2(Yot Ys) +4(Ys t+ Yadhe coveeeee (11) 


Applied to 
\, dx 
olyx’ 


(i) gives an error of less than 1 in 27,000 and (ii) an error of less than 1 in 
30,000. 

Both formulae are exact for functions whose second order differences are 
constant. 


R, 
\Iberta. 


R. Hamitton Dick. 


2490. Multiplication of partitioned matrices. 


(1) 


rn yon ee Brn 
lamely Let A B 
Me ances Am |: Se Be. 
anak (ii) be two partitioned or “‘ blocked ”’ matrices (with elements in a commutative 
ring), where for all A= 1, 2,...,0; p=1,2,...,m; v=1,2,..., the number of 
fy the ? columns in the matrix A,,, is the same as the number of rows in the matrix 
} Buy 
P a Cn 
We put Ci.= 2 A), By and C : 
wl "ae Cu 
Then AB=C. This fundamental theorem on the multiplication of partitioned 
matrices is in constant use. Nevertheless the usual text-books on Algebra do 
not take the trouble to provide a formal proof. The authors are either satis- 
fied with the mere statement of the theorem and leave the rest to the reader, or 
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they consider a “ typical’ case, say two or three rows or columns, and then 
argue by analogy. I consider this bad practice in undergraduate courses, and 
there is no reason why a correct proof should not be given, which is simple 
enough if the interpretation of matrices as vector-spaces is consistently 
applied. 

We introduce matrices A, with the same number of rows and columns as 


A. A,, shall coincide with A,,, in the (A, »)-block and with the null matrix 
elsewhere. Similarly for B and C. 


l ot m Ps l _ 
Then A £ ZA, B= 2 ZB, C= 2 ZC, 
A=1 u=1 p=1 v=1 A=1 v=1 


Hence by the distributive law, 
A= £2 EF ££ EF AyEs 


n m m ins ia 
Fo te 2 Age 
A=1 v=1 p=1y'=1 
But for p #p’, Ay, By is evidently the null matrix and so the double sum in 
the bracket reduces to 
3 «= — — 
4 ; 
= A,,, Bas Cy,» 
“u l 
Hence by straightforward matrix multiplication 


l © ane 
AB= = £20,=C. 
A=1 v=1 
The point of the proof is that the consideration of individual blocks is 
avoided and all manipulations are carried out on matrices which have the 
same number of rows and columns as A and B, respectively. 


ie Pes, Es 


2491. A necessary and sufficient condition for a right-angled triangle. 

Until I looked up the reference in Note 2309 to Note 2117, I had never 
realised that the in-radius of the 3, 4, 5 triangle was 1. This prompted the 
enquiry: what are the ex-radii? The answers 2, 3, 6 would delight any 
Pythagorean or Platonist, but the modern mathematician might be thought 
queer if he defined the divisors of 6 as the in- and ex-radii of the 3, 4, 5 triangle ! 

The perfection of the number 6 leads us to notice that the sum of these four 
radii is equal to the perimeter. For what other triangles is this true? Certainly 
for all right-angled triangles, for, take 

' a=m?-n?, b=2mn, c=m'*+n?, 
where m, n are not necessarily rational. Then 
s=m(m+n), 4=mn(m?—-n*), 
8-a=n(m+n), 8-b=m(m-n), 8-—c=n(m—-n), 
r=n(m—-n), Ty=mM(m—-N), Tz=nN(M+nNn), T,=—M(M+N), 

so that 

r+7y+%,+17s= 238. 
To see the converse, put 


4 4 A A 
— + —— + ——_ + —_ = 2a, 
8 8-a s-b s8-c 
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that is, 
(s — a)(s — b) (8 — c) +8(s — b) (8 —c) +8 (8 —c) (8 —a) + 8(8 - a)(s — b) = 284, 
or 
2s (be + ca + ab — 8?) — abc= 28/4. 
Multiplying by 4, squaring and manipulating, gives 
4a*b*c? + 2 Za® — 2 Za‘b?=0 
or 
2 (a? — b? — c?) (b? — c? — a?) (c? - a? — b*?) =0, 
showing that the triangle is necessarily right-angled. 
Another necessary and sufficient condition, which is easier to demonstrate, is 
1T5=T7%s 
RICHARD K. Guy. 
2492. On multidimensional Pythagorean numbers. 
The solution of the problem: determine integers (a,, d2, b) such that 
=)? 
is, of course, well known. The result for n-dimensional space is, perhaps, not 
so familiar and, as it is almost equally simple, was thought worth the com- 
position of this short note. 


2 


aj+a 


tone 


To determine integers (a,, d2, ..., @,, b) such that 


a? +a} +...a2=6%, 


{n—1 J ‘i 
put @,.=A)\ 29--Pal> 
2 Ss r n | 
G,=2rAP,Pg, (rT #N); 
n 
then b=A Zz 3, 


r=1 
where \ and pj, Po, ..-» Py, are any positive or negative integers. 
It is also interesting to notice that, since any number not of the form 
4*(8n+1) (k>0) 
is expressible as the sum of three squares, all squares, not of the form 
42k(8n + 1)?, 

can be expressed as the sum of at most three squares by the above process, and 
also that any square whatever can be expressed as the sum of not more than 
four squares. 
A. D. Boots. 

2493. Skew-symmetric determinants. 

[ have often sought, but only just found, a simple direct proof that the 
determinant of skew-symmetric matrix with n= 2y rows is an exact square of 
a polynomial in its coefficients. The proof depends on the following lemma, 
which is of course well-known. 

Lemma. If N is skew-symmetric and T is orthogonal, then 

T“oNT=TNT is also skew-symmetric. 


The theorem is proved by finding T' such that TNT’ is of the form 


0 M | 
M’ P 
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where M, M’, P are v-rowed square matrices. Since this is skew-symmetric, 
the symbol ~ denoting transposition, 
M’= -M, \ 
and 
N PONT (=| eE| (ae) C-T=( e P. 

If 7'=[X,, X;,...,X,], any vector X, is chosen subject to X,X,=1, the 

second column X, is chosen as a solution of 
X, NX =X,X=0, 

with a sealar factor so that ZX, 1. The third column X, is chosen so that 
it satisfies : 


and normalised so that 
X,X,=1. 

If the first vy columns of 7' are chosen similarly and the last vy columns in any 
way to make 7' orthogonal, then 7'N7' will be of the required form, since also 
X,NX,;=0. Each system of equations is a set of less than n linear equations 
in m unknowns, and always has rational solutions. Thus 7' is a rational 
function of the elements of N. Hence | M | is a rational function of the | 


elements of N. But since | M |*=| N | is a polynomial in the elements of N, 
it follows that | WM | must also be a polynomial. This completes the proof. 
The same method will show that if n=2v—1, then | N 0, for a v-rowed 


square matrix of zeros can be obtained in the top left-hand corner of T'N7’. 
D. E. LirrLEwoop, 


2494. On Note 2298 : a digital puzzle. 


Mr. J. H. Clarke gives in Note 2298 a solution to a puzzle of unknown 
origin propounded by J. Bronowski. It is to find the smallest number n with 
digits a,, ad, ..., a, such that 


AM, ... A,a,=3n/2. 


The following solution is far simpler. 


» 

Put a Ay"A_M, ... Ay. 
Then § (x — a,)=2/10, 
so that i72= 20a,. 


For the least value, take a,=1, then 


ax = 20/17 = 1-1764705882352941 
and n = 1176470588235294. 
D. E. Lirrtewoop. 


2495. A digital puzzle. 

Note 2298 (XXXVI, p. 276) deals with the problem of finding the smallest 
integer such that, if the left-hand digit is transferred to the right-hand end, 
the new number is one and a half times the original number. It is interesting 
to generalise the problem by making the ratio of the new number to the 
original number any rational number p/q (in its lowest terms). The main 
problem is to find all the pairs of numbers p and q for which the puzzle is 
insoluble. 
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In the notation of Note 2298, if the original number is 


10” ~a,+ 10"-! .a +10 -a,+ a 


n-17 
then we have 
(10q — p)(10"-? . a, 1+... +@9)=(p. 10"-q)a,,. 


n 


Whether the problem is soluble or not depends on the maximum value (as 7 
varies) of the H.C.F. of 10qg-p and p.10"-—q. Let 6 be this maximum value. 
Then the following results are easily proved. 

(i) If b< p, the problem is insoluble. For (p . 10" — q)/6 is then a number of 
n+1 digits which is prime to 10q - p and therefore a factor of 


n—-1 
10 o Anat ooo + Ay, 


a number of n digits, which is impossible. 

Two simple examples are : 

(a) q=1, p=2; 10qg-p=8 and 2. 10" —- 1 is odd for all values of n. Hence 
b=1 and there is no solution. 

(b) q=1, p=4; 10qg-p=6, and 4. 10"-— 1 is odd, so the H.C.F. is 1 or 3, 
depending on n. Hence b= 3 and again there is no solution. 

(ii) If (10g - p)/b>9, the problem is insoluble ; for then a, >9, which is 
impossible. 

A simple example is gq=5, p=2: 10q—p=48 and 2.10"-—5 is odd, so 
b=3. We should therefore have a, > 16, which is impossible. 

Now if we allow a,_, to be zero, so that the first figure of the new number 
may be zero, and if neither (i) nor (ii) holds, the problem is always soluble. 
For we take a, = (10q —- p)/b and 


n 


10"-! .a,_1+...+@=(p. 10" —q)/6, 


where n is the least integer such that p . 10" — q is divisible by 6. This does not 
necessarily give the least solution. An example is given by q=5, p= 1, where 
10q-p=49. It is possible to choose n so that 10" —5 is divisible by 49, but 
we get the least solution by choosing a, as 7 and taking the least value of n 
which makes 10"—5 divisible by 7. We could state formally the way of 
obtaining the least solution if we wished. 

It is interesting to note that the solution is always the recurring part of the 
decimal expansion of a fraction. For example, in the problem of Note 2298 
the original number and the new one arise from ;*?; and ;3;, while in the 
example just quoted they arise from 3 and 4. It is clear from the method of 
solution outlined above why this should be so. 

Kk. J. F. PRIMRosE. 


2496. On Note 2298. 

There is an apparent possibility that the two numbers might consist of the 
recurring digits in the decimal forms of the fractions 2/N and 3/N. If these 
are to start with successive digits in the same recurring series, as required by 
the data, we must have 

* N into 2 does not go, 

N into 20 goes Q and 3 over ”’ 


This gives N = 17, Q= 1, which leads, albeit rather fortuitously, to Mr. Clarke’s 
solution. 
R. SIBSON. 
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2497. On Notes 2117, 2309. 
The general solution in integers of the equation 


ae ee) | nee err ee Ssacececccscses(h) 


is 
x:y:r=ab:(a—b)(2a—b):b(a—b) or a(b— 2a), 
where a and 6 are arbitrary integers having no common factor. 
This result is obtained as follows. The condition for rational roots in r is 
that x* + bry —y? shall be a perfect square, or, 
(ep Fe — Ba. nn cdesccconnscdcsecveces pdlacnwuate (2) 
where n is an integer, since x and y are to be integers. Hence 
8x2= (y+ 3x+n) (y+ 3x-n), 
requiring that 8x* shall have integral factors whose sum is 2(y + 3x). Any pair 
of factors of 8x? must be 4a, 2a/x, where « is rational. If «=a/b, in its lowest 
terms, b must be a factor of 4x and a of 22, in order that the two factors of 
8x? shall be integers. Moreover a and b have themselves no common factor, 


so that x= abc, where c is an integer or a fraction with 2 or 4 as denominator. 
We thus have 


ax=abe, 
Y¥+ 3u=24%0+2/a, 
y= — 3abe + 2a’c + b’c 
=c(2a—b)(a—b). 
The equation for 7 is now 
{r — be (a — b)}{r — ac(b — 2a)}=0, 
so that the ratios x: y:7 are as stated above. 
It is sufficient to obtain the solution of an equation such as (1) in rationals 
and the result may be stated in the form 
wi:y:2=t: (1-t)(2-t):t(1-t) ort-2 
where ¢ is any fraction. 
It is often more convenient to deal in rational rather than integral solutions 
because any given rational number can be expressed as the product of two 


rational numbers in infinitely many ways. Thus a generalised form of equa- 
tion (2) is 


8 = Sy POPIOSE AOUATOs ssc eci cc cessccsseceeseesoscues (3) 


By the argument used above, x must be half the sum of a pair of factors of 4y, 
so that 


, x=yatl/a, or y=hk, x=h+k. 
Similarly the equation 
xu? + 4y=a perfect square ............s0e008 aiucmbeaneed (4) 
requires 
x=ya-l1/e, or y=hk, r=h—k. 
Consider the problem of finding triangles with integral sides and one 
integral median. The equation 
b?+c?= 4a®+ 2m? 
may be put in the form 


{(8 — b) — (8 =c)}? + 4s(8 -a)=a perfect square 
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To any triangle with integral sides for which this is true, there corresponds a 
similar triangle with rational sides and a rational median, for which s= 2. 
Writing s-a=a, s~b=y and s —c=z, we require solutions of 
covccee(1) F . 
(y —z)?+ 8c=a perfect square, 


where r+yt+2z=2. 
; Let «= 2hk, so that 8x is expressed as the product of factors 4h and 4k. Then 
$ in is 
di y —-z=2h— 2k, 
ae y+z=2-2hk, 
ence (2) ging 
y=(1+h)(1-k), z=(1-h)(1+h). 
For real triangles it is sufficient that all of xz, y and z shall be positive, which 
ee requires 0<h< 1 and 0<k<l. 
¢ doe The sides of the triangle are 
3 lowest 
etors of 2(1-hk), 1-htk+hk, 1+h-k+hk 
factor, and the rational median, to the first side, is h +k. 
anavOr. " C. G. ParapINnE 


2498. On Note 2227. 

In Note 2227 (September 1951), (in line 4 for 64 read 65 and for 13 read 3), 
Mr. J. K. Bailey asked for right triangles whose sides are one less than perfect 
squares. In Scripta Mathematica, Vol. XIII, Nos. 3-4, Sept.—Dec., 1947, 
Professor E. T. Bell gives the complete solution of 

(X?2- W)?+(Y?2- W)?=(Z?- W)?. 
The result is expressed in terms of 9 independent integer parameters, e, g, h, k, 
P,Q Mm, n, u and is 
tionals 2X=8eAC, 2Y=8eBD, 2Z=8eBC, 
4W = 8%e*{A*C? — 4kpqumnB (2ghC + mnB)} 
= §%e*{ B*D? — 8kpqughC (ghC + mnB)} 
= §%e*{ B°C? — 4kpqu (2g*h*C? + 2ghmnBC + mn? B?*)} 


. ne (misprinted in the original paper), where 
oO , 
“equa- A=apqh? - Bkug*, B=apqh*+ Bkug’, 
C=qum? + kpn?, D=qum? — kpn’, 
tees (3) E = ap*h*n? — Bu*g*m?, 
of 4y, 5 is an arbitrary integer multiple of the reciprocal of the highest common 


factor of C, B, EL, and «, B are two integers whose product is 2(i.e., +1, +2). 
Unfortunately it is not obvious, at least to the present writer, what values 
of the parameters give W=1. 

Numerical investigations along other lines shew that if solutions of the shape 
--(4) | 3, 4, 5 exist, they are extremely rare, and none has sides with less than 35 
digits. There are no solutions of shape 5, 12, 13; and none of shapes 8, 15, 
17; 20, 21,29; 12, 35, 37 with sides of less than 21, 26, 27 digits respectively, 
. een and, apart from the example quoted by Mr. Bailey, none of shape 33, 56, 65 

with sides of less than 25 digits. 
RicHarpD K. Guy. 

2499. A note on two ,F,’s. 

By a known result, the number of ways of partitioning X into Y parts 





(none of them zero), having regard to the order in which the parts are chosen 
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(thus 1+ 2+3 and 2+3+1 count as two different partitions of 6), is 


Case I. ‘The partitions (of this kind) of 2M into 2 parts are : 


(1, 2M —-1), (2M-1,1); (2, 2M -—2), (2M — 2, 2)... 
(m, 2 7 —~m), (2M—m,m); (m+1,2M-—m-1), (2M-m-1, m+1);... 
(M-1, M+1),(M+1,M-1); (M, M). 

On salen m-part partitions (of this kind) of each of the two elements 
inside each of the pairs of brackets in the above series, in all cases where this is 
possible, and combining the m-part partitions obtained in all the possible 
ways, we obtain the complete series of 2m-part partitions (of this kind) of 2M, 


Hence, 
c ') - - ') we —m— " 2( m ) wo —m— " 
2m - 1 ~\m-1 m—1 7 m-—1 m-1 
: 2(™ ~ 7 ( M ) mG - yo €8 
m—1 m-1/ \m-1 


The right-hand-side of (2), in reverse order, 


aint (M —1)! | 
~ ((M —m)!(m— 1)!J 
fl M-m M .2 (M —-m)(M ma M (M +1) 
“\2° M-1°M-m+1° 2! °*(M-1)(M-2)(M- 1)(M — m + 2) 


2...(M-m-1) (M ie oie ets 
(M-m-1)! ° (M-1)(M-2Q)...(m+1) 


M (M +1)...(2M —-m- 2) 1.2...(M-m-1)(M-™m) 
* (M —-m+1)(M — m+ 2)... (2M -2m- 1)" (M —m)! 
(M -—-m)(M-m-1)...3.2.1 
" (M-1)(M- 2)... (m+1)m 
M(M +1)... (2M -—m-—2)(2M —-m-1) ] 


(M -—-m+1)(M —m + 2)... (2M — 2m - 1)(2M 2m) 


9. (M-1)!  \"f _ ioe a 
~ ((M-m)!(m-1)!J \* ? Pip2 2) 


where «,=1, a,=M, M+m, p= -M+1, pp=M-m+1.* 
Hence, from (2), when M and m are positive integers and M>m, 


P ie M, -M+m 4 
eke N+ Mares I 


Sf (2M -1)! [ae oy} y 
z \ (2m — 1)!(2M — 2m) V-1 . preanede (: 


» 


Case II, Similarly, by considering the partitions (of this kind) of 2M +1 
into 2m parts, we obtain : 


( 2M\_, ‘e ') - “af 2( m 3 ‘ M-m- ') , 
2m — 1 = oy m—1  “\m - m—1 le 
» 3) a } e . (" - °) (: M + 1-1] M = 
7 Sie = J m-1/" “\m m — i): _ . Os -j/° a 
* 


p, + 4, =p, +a, and the ,F’, is nearly-poised (‘‘ first kind ’’). 
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The right-hand-side of (5), in reverse order, 
M f (M-})! |? 
“"M—-m+1\(M m)!(m- 1)!) 
f M+1 M—-m 
M-1°M-m+2 
1.2 (M+1)(M+2) (M —m)(M -—m -— 1) 
""2! °(M-1)(M-2)* (M-m+2)(M-m+3)_ 
LZ ..(M-m-1) (M +1)(M +2)... (2M —-—m-1) 
7, eT *  (M - 1)(M - 2)... (m+ 1) 
(M-—m)(M-m-1)...3.2 
* (M — m + 2)(M - m+ 3)... (2M - 2m) 


1.2...(M-m-1)(M-m)_ (M+1)(M+ sete —m-—1)(2M —-m) 
(M—-m)! . (M - 1)(M - 2)... (m+1)m 
(M -m)(M-m-1)...3.2.1 } 
* (M — m + 2)(M - m + 3) ... (2M — 2m) (2M - 2m +1) 


jf mM (M-1)! '{ ? [ae] 
~(M-m 5} (M — my) Fae ls F 


P1 Pe 
where a,=1, a.=M+1, «3= -M+m, p= -M+1, pp=M-m+2.* 
Hence, from (5), when M and m are positive integers and M>m, 
Ps < ,>M+1, -Mim ‘| l 2M) m+1)!(M —- my)! [(m-— 1)!]? oe.(6) 
-M+1, M-m+2 2° (2m-1)!(2M—-2m+1)!M!(M-1)! ° 
(6) is a limiting case of Dixon’s Theorem. This theoremf states that 
F,[ a, 0,.¢; (1+4a)r(l+a-6)r(l+a-c)r(1+ lila 
l+a—b,l+a-c T(1+a)(1+4a-6)Pr(1+ 4a-c)F(1+a-b-c) 
On putting a=1, b= M+1-.«e, c= - M +m, and letting e« tend to zero, (7) 
may be written 
JF, * ie , M+ “4 - - Lm | Prim -m+ 2). Z. 
-m+2 (2) (M -m+) 
where 
Z lim '(-m+4 i : _ FC -M+1+e) 
0 T(-M+ e) F(-m+1+e) 
~(-1)M m (mM — ae ; de -m+ 3) 
(M-1)! r(-M+4) 


rt M + e _ sage m | (—1)M-m nt I'(M-m+2)l(—m+4)(m-1)! 
+1, -m+2 "2° r(M-m+3)r(-M+4)(M-1)! 
and, by using the properties of the Gamma-Function, it can be shown that this 

is equivalent to (6). 
Aan 8. C. Ross. 


2500. On Note 2287 : completely factorizable quadratics. 

The results given in Mr. Price’s Note (XXXVI, p. 129) can, I think, be 
*1+a,=p,+%,=p,+a, and the ,F, is well-poised. 

+W.N Bailey, Generalised hypergeometric series (Cambridge, 1935), § 3.1. 
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obtained more simply and directly as follows. 
If «* +bx +e is completely factorizable, then 


b6?+4c=p?, b?-—4c=q’, 


where b, p, q are all odd, or all even, integers. 
Hence 


where l=}3(p+q), m=}(p-q). 

It therefore follows that b, l, m are the sides of a right-angled triangle with 
integral sides, and the prime solution of such a triangle is, of course, well- 
known to be ' 

b=n2+A2, LlL=n?-A*, m=2kd, 
(lL and m being interchangeable) and this leads directly to the results given by 
Mr. Price. 

His four numerical examples can, for example, be written down “ at sight ” 
by using the right-angled triangles (3, 4, 5), (5, 12, 13), (8, 15, 17) and (7, 24, 25). 

In fact, his results can be given, rather interestingly, as follows: if ALC is 
a right-angled triangle, a being the hypotenuse, then 


D. F. FERGUSON. 


2501. Mup setting : a problem of homothetic figures.* 

l. Let P,, P,, P; ... bea number of objects on the ground and let p,, ps, Py -.. 
be their positions on the map, respectively. If O is our position on the map 
and the map is placed on the ground, then the point on the ground immediately 
below O is our position on the ground. Now if we place the map on the ground 
in such a way that O, any one of the P’s, say P;, and the corresponding p, 
namely p,, become collinear then O, P,, and p,, also become collinear for 
n= 2, 3, ..., since the angle subtended at O by the line P,P,, is equal to that 
subtended by p,p,.t It is now that we say that the map is set. Hence when 
the map is set, our position (on map or ground), any object on the map and the 
corresponding object on the ground become collinear. 


2. Some observations. 
2.1 Since 

Op, : OP, =Op, : OP,=Op,: OP,=...; 
the line joining any two P’s is parallel to the line joining the corresponding 
p's, when the map is set, and these lines are in a constant ratio. 

2.2 When the map is set, any figure (bounded by straight lines) on the map 
and the corresponding figure on the ground are homothetic (similar and | 
similarly situated). Our position on the map is obviously the centre of per- 
spective or homothetic centre of the figures. 

2.3 If C isa curve on the map and C’ the corresponding curve on the ground, 
the tangents to these curves at corresponding points p and P are parallel. 
For the tangent at p is the limiting position of the line through p and a near 
point q on C, and the tangent at P is the limiting position of the line joining 
the corresponding points P and Q on C’, 


* Map setting is an important topic of ‘‘ Map reading ’’ as taught in the Armed 
Forces. The word “ map ” stands for a surveyor’s map or military map in this note 

t In this note, the inclination of the ground to the horizontal is neglected, as is 
normally the practice in ‘“‘ Map reading ”’ 
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3. Methods of map setting. 

3.1 One-object method. If we know our position on the map and place the 
map on the ground in such a way that our position, any object on the map and 
the corresponding object on the ground become collinear, then, by definition, 
the map will be set. 

3.2 Parallel line method. Choose two visible objects on the ground and 
place the map on the ground so that the imaginary line joining these two 
objects on the ground becomes parallel to the real line joining the corresponding 
two objects on the map. It may be borne in mind that the relative positions 
of the objects on the map should be the same as on the ground. 

3.3 Straight feature method. Choose a straight feature on the ground such 
as a straight road or a railway line. Rotate the map until the straight feature 
on the map becomes parallel to the feature on the ground. It may again be 
borne in mind that the position of the straight feature relative to other objects 
should be the same on the map as on the ground. 


1. Resection (without a compass). 

Set the map. Fix two pins on two such objects on the map as are visible on 
the ground. Call the pins a and 5, and the corresponding objects on the ground 
A and B. Fix a pin c on the map in such a way that c, a, A are collinear and 
also c, 6, B are collinear. Then the pin point c is our position on the map. 

For a proof, we observe that when the map is set, our position, a and A 
should be in one line and also our position, 6 and B should be in one line. 
Hence the point of intersection of the lines aA and bB, that is, c, is our position 
on the map. KuLpie SINGH. 


2502. On covering the surface of a sphere and the regular polyhedra. 

If the surface of a sphere can be covered with N congruent regular n-sided 
polygons, meeting m at each vertex, then the interior angle of each polygon 
is 27/m. Hence the area of each polygon is 

R*{(2an/m) — (n — 2)z}, 
where RF is the radius of the sphere. Equating the area of N such polygons to 
the area of the sphere, we obtain 

N(2n + 2m — mn) = 4m. 
There are five solutions of this equation in positive integers, subject to the 
inequalities N, n,m >2, namely, 


n=3, m=3, N=4; 
a=3, mw=4, N=8; 
n=3, m=5, N=20; 
n=4, m=3, N=6; 
a=5 =F. N=. 


Since the vertices of a regular polyhedron inscribed in the sphere would be 
the vertices of congruent regular polygons covering the surface of the sphere, 
it follows that there are five types of regular polyhedra and only five. 

G. BRAITHWAITE. 


2503. An acknowledgement. 

A discussion of the notion of functional relationship was given by K. 
Knopp and R. Schmidt, Mathematische Zeitschrift, 25 (1926) 373-381. My 
note in the Mathematical Gazette, 37 (1953) 18-20 contains nothing of interest 
which is not contained in their article. G. KREISEL. 


E 
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2504. The envelope of the Simson line. 

To every point on the circumcircle S of a triangle ABC there corresponds a 
Simson line, whose envelope may be found by direct analytical methods, often 
involving rather heavy calculation. The main properties of the envelope may, 
however, be deduced from known general results about plane curves. 


L 


—_ 


Fa 








E 
F 
a P C 
A 
M 
Fic. 


Let m, n, 5, x, 7, i denote as usual the rank, order, number of nodes, cusps, 
bitangents and inflexions of the envelope. Let A’ be the point diametrically 
opposite to A and E the foot of the perpendicular from A’ to BC, D, F the 
points on BC where the perpendiculars to BC touch S. Let P be any point on 
BC, and LPM the perpendicular to BC meeting S in L and M. 

The Simson line corresponding to A’ is BC. Through P on BC three 
Simson lines pass, namely those corresponding to A’, L and M. Thus m=3 
If P is taken at E, two of the Simson lines coincide with BC, and hence E is the 
point of contact of BC with the envelope. If P is taken at D or F, the points 
Land M coincide and two of the Simson lines through P coincide. It follows 
that BC meets the envelope in D and F, and touches it at E. 
From the remark at the beginning of the note, it 
unicursal, and that 


Thus n= 4. 
follows that the envelope is 


k(n —1)(n—2)-8-x=4(m—-1)(m-2)-7-i=0; 


> 


that is, 


8+«=3, r+i=1. 
Also from the equations 


m=n(n—1)-25-3xK, n=m(m- 1)-2r-3i 
it follows that 


28+3x«=9, 2r+3i=2. 
Thence 
§=1=0, «=3, r=1. 

The tangent at each cusp is the Simson line corresponding to the vertex of 
the triangle, that is, the altitude of the triangle through that vertex. The 
bitangent is the line at infinity which is the Simson line of each of the two 
circular points. I. M. Kwapaza. 
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Modern Developments in Fluid Dynamics ; High Speed Flow. Kdited by 
L. HOWARTH with the assistance of H. B. SQurreE and the late C. N. H. Lock. 
Two volumes, pp. xvi, 876, with 288 figures and 26 plates. 84s. 1953 (Oxford 
University Press) 

A review of Modern developments in fluid dynamics, two volumes bearing the 
date 1938, edited by S. Goldstein, appeared in the Mathematical Gazette in 
May 1939. The work was initiated by the Aeronautical Research Council 
with a view to encouraging research in hydrodynamics of interest to aero- 
nautics, and was concerned mainly with incompressible flow. The first volume 
displayed a quotation from Bacon’s Essays: ‘for when propositions are 
denied, there is an end of them, but if they bee allowed, it requireth a new 
worke.”” The rapid extensions of knowledge arising from researches in high 
aircraft speeds and in ballistics made impossible the denial of the importance of 
compressibility effects and consequently the present two volumes on high 
speed flow now supplement their predecessors. A comparison of the lists 
printed in 1938 of the Fluid Motion Panel and in 1950 of the Fluid Motion Sub- 
Committee shows that five names are common to both. The new work 
edited by L. Howarth is appropriately dedicated to Sydney Goldstein ; and 
the names of the authors are attached to the chapters they have written. 
These are as follows. The equations of flow in gases, L. Howarth ; the method 
of characteristics, R. E. Meyer ; shock waves, C. R. lingworth ; blast waves, 
G. J. Kyneh ; some exact solutions of the equations of steady homentropic 
flow of an inviscid gas, W. G. Bickley ; one-dimensional flow, O. A. Saunders ; 
the hodograph transformation, M. J. Lighthill; approximate methods, 
G. N. Ward ; unsteady motion, G. Temple ; boundary layers, A. D. Young ; 
experimental methods, D. W. Holder, D. C. Macphail and J. 5. Thompson ; 
flow past aerofoils and cylinders, W. A. MairandJ.A. Beavan ; flow past bodies 
of revolution, W. F. Cope ; heat transfer, H. B. Squire. 

The scope of the treatment may be indicated by a quotation following the 
derivation of the equations of motion’on page 50. ‘* Indeed as already re- 
marked in Chap. I, we have no alternative at present, if we are to make any 
progress at all, but to neglect viscosity completely in the theoretical discussion 
of many of our problems. This is the course we adopt in much of this volume 
except in Chap. X, where the modifications introduced by compressibility into 
boundary-layer theory are discussed, and in Chap. XIV, where problems of 
heat transfer are discussed. The equations of inviscid flow are 


‘ a 
‘ 


& V0 V+4 grad V?=F- : grad p. 
ot p 

It must never be forgotten, however, that the deductions we may draw from 

them are subject to limitations similar to those of incompressible inviscid 

flow and that, at most, they are applicable outside the boundary layer and 

wake.” 

Workers in this field will be grateful for the introduction of two new ad- 
jectives. The first, homentropic, describes a flow in which the entropy S 
is the same everywhere and for all time ; the adjective isentropic can then be 
applied to a line along which the entropy is constant. The second, homenergic 
is applied to steady flow for which Bernoulli’s streamline function 


H=2+1+4q, 


where I is the enthalpy per unit mass, is the same everywhere. The value of 
H persists even when a stream tube crosses a shock wave, and so homenergic 
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flow need not be homentropic. On the other hand, for steady flow, Crocco’s 
equation 


V,w-=grad H -T grad 8 
shows that the vanishing of the vorticity w is not sufficient to make the floy 
homenergic, and also that steady irrotational homentropic flow is necessarily 
homenergic. 
The editor and authors are to be congratulated on producing a work which 
is at once homogeneous and indispensable and which is, moreover, beautifully 
printed and illustrated. L. M. M-T. 


Contributions to the Theory of Riemann Surfaces. Edited by L. AnLrors, 


Pp. 264, 25s. 1953. Annals of Mathematics Studies, 30. (Princeton University ' 


Press; London, Geoffrey Cumberlege) 

This is a set of twenty-one papers presented at a conference on Riemann 
surfaces which was held in Princeton, New Jersey, in December 1951, in 
commemoration of the centenary of the presentation of Riemann’s inaugural 
dissertation. 

The introductory paper by Ahlfors surveys the development of the theory 
of conformal mapping and Riemann surfaces through the century. Subse- 
quent papers contain original contributions to the study of Riemann surfaces 
and their applications to the calculus of variations, the theory of partial 
differential equations, and algebraic geometry. In the words of the foreword 
* The diversity of mathematical interest and approach apparent in the papers 
presented here is a small indication of the breadth of influence of Riemann’s 
ideas upon modern mathematics ”’. P. J. Hinron. 


Bernstein Polynomials. By G. G. Lorentz. Pp. x, 130. 45s. 1954. 
Mathematical expositions, 8 (Toronto University Press ; Geoffrey Cumber- 
lege, London) 


The Bernstein polynomial, of order n, of a given function f(x) in <0, 1>, is 


defined as 
n , 
B,(x)= 3 I(x) C)2 (1-2), 
v=0 nv v 


These polynomials were introduced by the Russian mathematician Serge 
Bernstein in 1912, in order to give a simple proof of the Weierstrass approxi- 
mation theorem, based on probability considerations 


("era x)"~® is a“ binomial probability “ty 


In fact, if f(x) is continuous in <0, 1>, then B,(a)> f(x) uniformly in 

0, 1>. Moreover, these polynomials have a natural place in the theory 
of summability of series and in the theory of the moment problems. Because 
of all this an extensive study of the finer approximation properties of the 
Bernstein polynomials and certain generalisations (for instance, degree of 
approximation, approximation to f’(«) by B,’(x) and, in particular, when f (2) is 
analytic, the study of B,(z) for complex z outside <0,1> has been going on ever 
since. The author himself is a well-known expert in this field, and his careful 
up-to-date and easily readable account of problems and progress, the first in 
book form, should be welcome to a large class of advanced students of mathe- 
matical analysis. The book is well printed and practically free of misprints, 
the only deterrent being the rather high price considering the size of the book. 

The following headings of the chapters may indicate the scope: I. Bern- 
stein polynomials in the real domain ; II. Generalisations of Bernstein poly- 
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nomials (with applications to the theory of summability) ; III. Spaces of 
functions and moment problems; IV. Bernstein polynomials of analytic 
functions. There is an extensive bibliography and a helpful index. 

W. W. Roaostnskt. 


Curvature and Betti Numbers. By K. YANO and 8. Bocuner. Pp. ix, 189. 
20s. 1953. Annals of Mathemotics Studies, 32 (Princeton University Press ; 
Geoffrey Cumberlege, London) 

This tract gives a systematic account of a topic in Differential Geometry in 
the large which has been the subject of numerous papers, particularly by 
Bochner and Lichnerowicz. The tract is particularly valuable for readers 
whose knowledge of topology is limited, because the approach is from the 
differential geometric point of view throughout. The last chapter contains 
nine supplements by Bochner on more recent developments. Bk. a. 


Traité de Théorie des Fonctions : Tome I; Principes, Méthodes Générales, 
Fascicule 1. By Henri MiLtioux and CHARLES Pisot. Pp. viii, 300. 4,500 fr. 
1953. (Gauthier- Villars) 

This is the first part of a treatise on the theory of functions of a complex 
variable to be published under the direction of the distinguished French 
mathematician, Gaston Julia. In the preface, it is claimed that ‘cette 
théorie, dont on sait qu’elle est, en trés grande partie, l’oeuvre de géométres 
francais, est arrivée aujourd’hui & un point de perfection qui mérite d’étre 
fixé en un traité autonome ”’. The project is thus a bold one. Others have 
tried to write the definitive book on complex variable : it would be sad if the 
subject has now reached the static condition suggested, and one therefore 
hopes that the work will be a brilliantly successful failure. 

The treatise is intended to be read by the ‘* bon licencié”’ of a French 
university, roughly by the man who would in Britain get a good honours 
degree after another year’s work. Its purpose is to give him a knowledge of 
the ideas, methods and techniques of the theory of functions necessary for 
reading the modern literature of the subject. As the first fascicule of the first 
volume contains 300 pages, the project is on a vast scale. 

The first fascicule is concerned with principles and general methods. 
Naturally it is difficult to know what to assume. The authors start with an 
introductory chapter intended to remind the reader of the essential ideas of 
the elementary theory of functions of a real variable. It is merely a statement 
of results without proofs. To the British reader, the chapter may seem un- 
necessary, occasionally slovenly, sometimes even wrong. At this stage, it is 
surely unnecessary to remind the reader of Rolle’s Theorem or of Leibniz’s 
Theorem. 

The second chapter gives an elementary introduction to the subject proper. 
After defining a holomorphic function, the authors discuss briefly harmonic 
functions and conformal mapping. The rest of the chapter deals with the 
homographic transformation w = (az + b)/(ez +d) and the conformal mapping of 
a circle on a circle, with the elementary functions of analysis, and concludes 
with a first introduction to the idea of a many-valued function and its associ- 
ated Riemann surface. 

All this is done before Cauchy’s Theorem is introduced. This follows in 
Chapter III, where the emphasis is not on the evaluation of complicated 
integrals by contour integration but on the derivation of the fundamental 
properties of an analytic function, its repeated differentiability, the maximum 
modulus principle, Liouville’s theorem and Schwarz’s lemma. 

These ideas are used in Chapter TV to study the behaviour of a one-valued 
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analytic function near a point at a finite distance, and the ideas of an ordinary 
point, a zero, a pole, an essential singularity are introduced. Then follow the 
usual theorems on the number of poles and zeros. The chapter concludes with 
an interesting account of the work of R. Nevanlinna on the formula of Poisson 
and Jensen. 

In Chapter V, we find a discussion of the properties of families of bounded 
functions—uniform convergence and its generalisation—Montel’s idea of a 
normal family—properties which are used to give a proof of the fundamental 
theorem of conformal mapping. 

The more familiar ground of the theory is returned to in Chapter VI, where 
in 68 pages is given an account of the various ways of representating an 
analytic function—-Cauchy’s integral, Taylor series (derived as a consequence 
of Schwarz’s lemma), Laurent series, Laplace integrals, Dirichlet series, 
infinite products, the Mittag-Letiler expansion. Naturally there is little room 
here for illustrative examples, and one wonders what the student will make of it 
all. 

The final chapter falls into three parts. The first deals with integrals of 
analytic functions, in particular with the periodic properties of elliptic and 
hyperelliptic integrals. The second part continues the study of conformal 
mapping including Schwarz’s principle of symmetry and the Schwarz- 
Christoffel transformation. The third part deals with the theorems of the 
type of Picard’s theorem, treated first by means of the modular function 
derived from the conformal mapping of a certain curvilinear triangle on a 
half-plane. The book concludes with the elementary proof of Picard’s 
theorem based on ideas introduced by Bloch. 

It is an interesting book, yet a curious one. Its aim is professedly to enable 
the student to read the modern literature of the subject. Yet there are 
practically no references to this literature ; nearly all the references are to 
books or monographs published by Gauthier-Villars! 

The style is definitely not Bourbakian ; it is in the tradition of the great 
classical Cours d’ Analyse. All it has in common with Bourbaki is its great 
price. E. T. Copson. 


Algébre locale. By P. Samuet. Pp. 73. 950 fr. 1953. Mémorial des 
Sciences Mathématiques, 123 (Gauthier-Villars, Paris) 

This tract treats of the theory of local rings, and their generalisations. A 
local ring is a commutative ring in which every ideal has a finite base (Noether 
ring), and in which the set of non-units forms an ideal. Such rings arise in and 
derive their name from algebraic geometry, when one studies the properties 
of a variety in the neighbourhood of a point, by means of the functions defined 
on it near the point ; but the ring of p-adic integers furnishes another example. 
It is characteristic of the theory that it uses on the one hand the methods of 
general ideal theory, and on the other hand the device of completion with 
respect to a topology defined by the powers of an ideal. As befits the series 
in which this tract appears, its treatment is at an advanced level. A good deal 
of ideal theory is assumed known, proofs are often given in outline only, and 
the aim is to give a representative account of the subject as it stands today. 
To what extent it succeeds in this aim I am not enough of a specialist to say, 
but I can testify that, reading it as an introduction for the algebraist in 
general, [ found it both illuminating and stimulating. There are historical 
notes at the end of each chapter, dominated by the names of Zariski, Chevalley, 
and Cohen, and a bibliography of almost a hundred items, mostly papers written 
since 1940. The pages have the pleasing appearance one associates with this 
publisher, but the number of misprints is inordinate. G. H. 
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Géométrie Générale. By Kart MenGER. Pp. 80. 1000 fr. 1954. Mé- 
morial des Sciences Mathématiques, 124 (Gauthier-Villars, Paris) 

This book contains a general survey of advances made during the past 
twenty-five years in the subject of generalised metric geometry. A very con- 
siderable amount of information has been packed into these eighty pages, and 
the book forms a very valuable addition to the literature of metric spaces. 
The treatment is concise but lucid ; and there is an extensive bibliography of 
about a hundred items where the reader is referred to original works for de- 
tailed proofs of results and theorems stated in the text. 

Since the introduction of the notions of filter and uniform structure, it has 
been recognised that metric spaces do not play such a vital réle in the develop- 
ment of general topology. However the view taken in this book is that the 
metrical properties of general metric spaces are interesting in themselves. It 
is admitted that finite dimensional subsets of general separable metric spaces 
are topologically equivalent to subsets of Euclidean space of various dimen- 
sions ; but the study of such general spaces is justified by the considerable 
light shed on the structure of classical Euclidean spaces when seen from this 
view-point. 

Nevertheless the two topics of general topology and metric space theory are 
closely related, as is shown by the following problem which the author mentions 
in chapter I. Given a metrical property P and a topological space 7’, find a set 
of necessary and sufficient conditions in order that one can introduce a metric 
into Tso that it has the property P. For example, under what conditions can 
a compact space be metrised so that it becomes convex? 

Chapter II deals with the problem of suitable generalisations of the de- 
finitions of curvature of curves and surfaces. In chapter III many possible 
ways of generalising the idea of a metric space are considered. Chapter IV 
deals with the relation of metric geometry to the calculus of variations. 
Chapter V examines in some detail the notion of length of a curve in a general 
metric space. In chapter VI the normed vector spaces introduced by Banach, 
Hahit and Wiener in 1922 are generalised in various ways. Chapter VII 
discusses a further generalisation of metric space theory to ‘ probability 
geometry ” 

The book is well printed and conforms to the usual high standard of the 
‘“Mémorial ” series. There are a few misprints, e.g. p. 32, §10 for d(p, q)=0 
read d(p, p)=0; p. 33, 2nd line from bottom, for (dp’, q’) read d(p’, q’). The 
reviewer was puzzled by example (3), p. 75, where it appears that the range of 
tis incorrectly defined. These, however, are slight criticisms, and the author 
and publisher should be congratulated for producing this work. 

T. J. WILLMORE 


Lecons sur la Théorie des Treillis des Structures Algébriques Ordonnées et des 
Treillis Géométriques. By Mme. M. L. DuBrer-Jacotin, L. LEStEuUR, and 
R.Crorsot. Pp. viii, 385. 5500 fr. 1953. Cahiers scientifiques, 21 (Gauthier- 
Villars, Paris) 

The aim of this book, we learn from the preface, is to give an introductory 
account of the theory of Lattices and to illustrate it by a more detailed account 
of the theory of ordered groupoids and the lattice-theoretic approach to the 
foundations of geometry. The book therefore falls naturally into three parts, 
the three authors being each responsible for one part. 

The first part, which is that due to M. Croisot, develops the introductory 
theory. It commences with chapters on the general theory of partially 
ordered sets, and then turns to the theory of lattices proper, with chapters on 
each of the important varieties of lattice, viz. Modular Lattices, Distributive 
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Lattices, Semi-modular Lattices, and Complemented Lattices. In each 
chapter, the classical results appertaining to the particular variety being 
considered are proved. The final chapter is devoted to an account of the 
theory of dependence couched in lattice-theoretic terms, culminating in the 
theorem of Kurosh-Ore. 

The second part, due to Mme. Dubreil-Jacotin, is concerned with the theory 
of semi-lattices (in which only union is defined) on which a product is defined 
which is distributive over union. As in the first part, the general scheme is to 
consider first the most general case and then to introduce further restrictions in 
each chapter. Applications are made to the theory of congruences and of 
ideals. To mention but one of the high-lights of this part, the last chapter 
contains an account of Artin’s theory of ** Quasi-gleichheit *’ generalised to a 
lattice-theoretic setting. 

The last part, by M. Lesieur, is devoted to the study of geometric lattices 
these being a generalisation of the lattice of linear sub-spaces in either a pro- 
jective space or an affine space. This leads naturally to the consideration of 
infinite-dimensional geometries, both projective and affine. A chapter is 
devoted to plane affine geometries, in which the consequences of Desargues’ 
Theorem and the Theorem of Pascal (or Pappus) are considered in detail. 
The last chapter is devoted to the study of geometries of dimension greater 
than two, and the relationship of these geometries to the theory of vector 
spaces. 

The whole book is written in a delightfully clear style and is very easy to 
read. It is noteworthy for the number of illustrative examples incorporated 
in the text and the variety of the exercises which conclude each chapter. 

D. R. 


L’énumération transfinie. By A. Densoy. III. Etudes complémentaires 
sur Vordination. Pp. 615-772. 2400 fr. IV. Notes sur les sujets contro- 
versés. Pp. 773-971. 3200 fr. 1954. (Gauthier-Villars, Paris) 

A price of 5600 fr. ($16.34) is a lot to pay now for a set of footnotes and 
appendices, to a treatise designed for publication in 1942, but delayed by the 
War (Livre I, 1946; Livre LI], 1952). Such in essence is what these final 350 
pages in the familiar grey paper covers amount to. In 1942, the work pur- 
ported to be a mise au point in the standing controversy on transfinite numbers. 
I 1 1954, it has to contend, besides, with the formidable inroads of axiomatism, 
d scribed legitimately as scholasticism in the mathematical field. A new table 
of contents, printed on the last page (971), shows some of the changes made 
n -cessary by the lapse of time, by comparison with the original one at the start 
of Vol. I, which it supersedes. (That there is no alphabetical index is parti- 
cularly unfortunate.) Without minimising the achievements of the axiomatic 
approach, Denjoy pleads for a return to descriptive notions in the theory of 
sets of points, and for an honest admission of what is actually thought behind 
purely formal phraseology. The fact that this background thought, as in- 
stanced by his own illustrations, can be vague, fallible and purely personal, 
may encourage confirmed axiomatists. But others may be grateful for this 
re-opening of the whole question by an eminent writer, and the side-lights on 
his personality and outlook will interest all who know his work, the most 
striking single item being his principle that the most primitive and basic natural 
notion relevant to mathematics is that of order. 


R. C. H. Younc. 
Tensor Calculus. by B.Spartn. Pp. viii, 125. 8s. 6d. 1953. (Oliver and Boyd) 


Dr. Spain has written a useful little introduction to tensor analysis for 
undergraduate students of mathematics. It has the great merit of being well 
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within their financial resources, unlike most other recent text-books on the 
subject. It is clearly printed and forms a concise presentation of the technique. 

The author begins with a chapter on tensor algebra, assuming only an 
elementary knowledge of determinants and matrices. In the second chapter 
the line element of Riemannian space of N dimensions is introduced, and the 
following chapter is devoted to covariant differentiation of vectors and tensors. 
In the fourth chapter the author discusses geodesics, geodesic coordinates and 
parallel vectors. He makes due allowance for the student who is unfamiliar 
with the calculus of variations and discusses the minimum problem of geo- 
desics from first principles. This chapter ends with the application of the 
concept of parallelism to the proof that the covariant derivative of a tensor 
is also a tensor, a theorem which was stated in the previous chapter but not 
fully proved there. 

In the fifth chapter we find a clear introduction to the Riemann-Christoffel 
tensor and the idea of Riemannian curvature. This chapter contains a brief 
discussion of spaces of constant curvature and Schur’s theorem. It also intro- 
duces the reader to the Ricci tensor R;; and Einstein space (for all points of 
which R,;;=19;;, where J is an invariant). 

The following two chapters are devoted respectively to the application of 
tensor methods in the classical differential geometry of curves and surfaces in 
Euclidean space and to Cartesian tensors in the theory of elasticity. In the 
latter chapter the fundamental ideas of affine geometry are introduced. 

In the eighth and final chapter, the author attempts to provide in under 
sixteen pages a bird’s eye-view of both the Special and the General Theories of 
Relativity. Not content with that, he also includes a discussion of the 
Einstein and de Sitter world-models! This is all much too hurried and scrappy 
Although the author goes some way to disarm criticism by his frank acknow- 
ledgement of the situation (in the Preface), pointing out the limited space 
available, it must be admitted that the book would have been improved if 
this last chapter had been omitted and the space used to amplify previous 
chapters. Nevertheless, the book is good value for the low price charged. 

Although Schwarzschild’s name is correctly spelt in the index, it is con- 
sistently misspelt on pages 115 and 116. 

There are a number of examples for the student to work, scattered through- 


G.d. We. 


out the text. 


Lagerungen in der ebene auf der Kugel undim Raum. By L. Freses Toru. 
Pp. x, 197. DM 24; geb. DM 27. 1953. Grundlehren der Mathematischen 
Wissenschaften 65 (Springer, Berlin) 

The title (which can be translated ‘‘ Packings in the plane on a sphere and 
in space *’) describes only one of the various types of problems discussed in 
this book. While its main aim is to discuss the question of how closely it is 
possible to pack, that is to arrange without overlapping, congruent convex 
domains in the plane, equal spherical caps on the surface of a sphere, and equal 
spheres in space, many other interesting problems are discussed. In parti- 
cular, the parallel problem of how economically is it possible to cover the plane 
with domains congruent to a given convex domain is considered. Another 
problem (which is supposed to have been solved by the honey bee) is to divide 
the plane by a network of line segments into a system of cells of unit area, the 
total length of the network to be minimal. As tools for the solution of pro- 
blems of this type, the author considers the extremal properties of regular 
polygons and polyhedra, and the approximation of convex domains and 
spheres by polygons and polyhedra. To quote a single explicit result, it is 
shown that if a convex polyhedron with 7 vertices, f faces and e edges contains 
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the unit sphere, then its volume V satisfies 


V>< sin (tant nf tan? =~ - 1), 
3 e 2e 2e 

and that strict inequality holds except in the case of a regular polyhedron 

circumscribed to the unit sphere. 

The book starts with a discussion of some elementary, and some not quite 
so elementary, results about convex bodies and polygons which are needed 
later. Then the different problems are discussed in the plane, on the surface 
of a sphere, and, after a section on polyhedra, inspace. As the book proceeds, 
the author finds questions to which he has not yet succeeded in finding the 
answer (much of the work described in the book is due to the author) ; he 


does not hesitate to supply a conjecture. At the ends of the various sections | 


the author gives collections of remarks containing references to many original 
papers concerned with the problems he discusses and with many interesting 
generalizations and variations. 

The book is written in a very clear style ; the sentences are short, making the 
task of the dictionary thumbing reader easy. The mathematics is based al- 
most entirely on elementary geometry and should be understood by anyone 
with a knowledge of school mathematics, provided that they have a mature 
outlook on the subject. The problems considered are quite fascinating and are 
much nearer those of the ordinary world than is common in pure mathematics. 
The field is one in which there is scope for the amateur mathematician to make 
important contributions. C. A. RoGers. 


On the Congruence of Sets and their Equivalence by Finite Decomposition. 
By W. Sierpinski. Pp. 117. 1954. Lucknow University Studies 20 (Luck- 
now University) 

Two subsets of a metric space are said to be congruent (isometric), say 
A~B, if there exists a distance-preserving transformation of A on to B. 
Thus in space of three dimensions the allowable transformations are sequences 
of translations, rotations and reflections. Two sets are said to be equivalent 
by finite decomposition, say A = B, if 

n 
n n 
A= VAs B= UB, A,NA;=0, BUNB;=0 (i+47) 
v v 
and A —B,, +=1,2 n. 


> Hp eee 


The present volume, the text of lectures delivered by the author in the 
University of Lucknow in 1949, gives a large number of results (with re- 
ferences), conjectures, and unsolved problems in the theory of congruences 
of sets, particularly linear and plane sets—the differences between the results 
for linear sets, plane sets, and sets in 3-space are very striking. Especially 
rewarding to the general mathematical reader are the ‘‘ paradoxical decom- 
positions ’’; thus Sierpinski and Mazurkiewicz gave an example in 1914 of a 
plane set EL decomposable into A and B with A~E, B~E, and recently 
Robinson proved that the sphere S admits a decomposition into S, and S, 
with S, ; S, S,>S (actually, the author quotes Robinson’s result and proves 
an earlier result of Banach and Tarski, where S, z S,S, ; S; see also a recent 
paper by Adams in Journ. London Math. Soc.). 

The book closes with a short discussion of the general problem of measures 
on sets and an appendix giving further results obtained (by Sierpinski and 
members of his audience) while the author was in Lucknow. P.J.H 
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From a Logical Point of View. By WILLARD VAN ORMAN QUINE. Pp. vi, 
184. 22s. 6d. 1953. (Harvard University Press; Geoffrey Cumberlege, 
London) 

This book is described on the jacket as the least purely logical of Professor 
Quine’s book ; it is in fact a collection of essays, based on lectures on semantics 
and allied topics. Two of the essays, “‘ On what there is’, and ‘‘ Notes on 
existence and necessity ’’ have already been described in the Gazette in the 
notice of Linsky’s anthology Semantics and the Philosophy of Language. The 
book is, however, more than a reprint of published articles, for many of the 
articles have been redrafted, and some have a new final section mentioning 
relevant recent discoveries or meeting objections which have been raised 
against earlier drafts. It is chiefly these additions and comments which give 
the book its value. For readers of the Gazette the most important essay is the 
now famous ‘‘ New foundations for mathematical logic ’’ which was originally 
read to the Mathematical Association of America in December, 1936 and was 
published in the Gazette’s American sister-journal, the American Mathematical 
Monthly, the following February. A more lucid and informative account of 
mathematical logic for the teacher of mathematics has probably never been 
given within the confines of a single lecture, and the new section which has 
been added to the article for this edition, discussing the relation of Quine’s 
position in 1936 to that of the third edition of his Mathematical Logic (1951), 
and to other set theory foundations, is most illuminating. The book provides 
an excellent informal introduction to current questions in the field which, 
with his characteristic dislike of the pretentious word, Quine would have us no 
longer call semantics. R. L. G. 


Introduction to the Theory of Functions of a Complex Variable. By W. J. 
THRON. Pp. ix, 230. 52s. 1953. (Wiley, New York ; Chapman & Hall) 

The author’s aim is to supply a strictly rigorous account of the complex 
variable theory on an axiomatic formulation. There must be no appeal to 
intuition, no theorems for whose proofs the reader is told to seek elsewhere. 
Thus half the book deals with the number system and with geometrical 
foundations, such as, for instance, the Jordan curve theorem. The function 
theory itself is based on Cauchy’s integral theorem, and goes as far as an 
introduction to modular functions, Picard’s theorems and the Riemann sur- 
face. The logical style is severe, the absence of pictures a handicap, so that 
the reader may wish that the author had studied the remarks on presenting 
a mathematical argument in J. E. Littlewood’s Mathematician’s Miscellany, 
pp. 30-36. 

Any class treatment is likely to have gaps, unsuspected by the ignorant 
and ignored by the unscrupulous teacher, but pointed out by the conscientious. 
Thus a book without gaps is valuable as a reference text, and Professor Thron’s 
volume is worth a place on the library shelf. But it is not a book for the novice, 
nor for the more advanced student if his interest is in what the theory does 
rather than what it is. 

In places, the author’s views on rigorous demonstration have led to some- 
what unnatural definitions. The definition of ** conformal” is both typo- 
graphically and mathematically clumsy, and even those thoroughly familiar 
with the idea of a conformal mapping might fail to recognise an old friend at 
first sight. The Farey series is defined by the condition that for two successive 
terms, a/b and c/d, we have ad —-bc=1. To me, uniqueness is not now obvious, 
and if this arrangement is adopted to avoid having to prove the result ad — be= 1, 
it does not seem worth all the trouble, particularly in view of E. H. Neville’s 
simple and elegant exposition in Proc. London Math. Soc., vol. 51. 
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A gap in the literature of the topic has been filled by this somewhat arid 
book ; it contains a good deal of material, well-planned, conscientiously 
written and nearly always clearly printed. T. Ay Ae, 


A First Course in Ordinary Differential Equations. By R. E. LANGER. Pp. 
vii, 249. 36s. 1954. (John Wiley, New York ; Chapman & Hall) 

The first four words of the title, printed in small type, might mislead the 
teacher or student whose idea of a first course is one restricted to the simpler 
standard types of equation and methods of solution. A notable feature of this 
book is that it includes a wider variety of methods than many recent text- 
books on the subject, so that one is inclined to suggest that it might provide a 
stimulating second course. The author does indicate in the preface a selection 
of chapters which would constitute a shortened first course without loss of 
continuity. 

The book falls broadly into two halves, on equations of the first and second 
order respectively. Each contains a chapter on applications ; resisted motion, 
problems of flow, curves of pursuit and oscillations are the chief topics. The 
first half has a chapter on solution by successive approximations, another on 
the plotting of integral curves and the use of isoclines. It concludes with the 
Riccati equation and its relation with the linear differential equation of the 
second order. In chapter 7 some non-linear equations of the second order are 
considered before the equation with constant coefficients (chapter 8, where 
there is a section on equations of higher order). The remaining chapters give 
a number of useful methods of solving linear equations of the second order with 
variable coefficients, including solution in series, Legendre’s, Bessel’s and the 
hypergeometric equation. 

The treatment will not be found easy by the weaker student. Although 
partial differential equations are not treated, the reader is expected from the 
beginning to be familiar with partial derivatives. Where an equation has 
been reduced to a type solved earlier, it is left to the reader to verify the 
solution. Exercises for the reader are called either problems, answers being 
given to odd numbers only, or assignments, containing statements to be 
proved. There is an error in the answer to problem 9 of chapter 8; the 
answer given satisfies the boundary conditions and a slightly modified equa- 
tion of problem 10. The worked example 8 on page 104 is baffling until it 
is realised that log y in the first line should be replaced by log y’ and that the 
sign + has been omitted before the final y in the solutions. Gir. 


Lectures in Abstract Algebra. Il: Linear Algebra. By NATHAN JACOBSON. 
Pp. viii, 280. 42s. 16°93. (D. van Nostrand, New York: Macmillan, 
London) 

Vectors and matrices were originally intended mainly as tools for co- 
ordinate geometry in higher dimensions. But they soon became the objects of 
algebraical investigation in their own right, and the great masters of the past 
generation introduced and developed the manifold operations of matrix 
algebra with little reference to geometry. More recently this trend has been 
reversed, und the underlying geometrical ideas, usually in a more abstract 
form, are given preference over manipulative algebraical processes. The 
dominant concepts are now vector spaces and their linear transformations, 
conjugate spaces and the transposition of a linear transformation, and duality 
with respect to a bilinear form. The matrix of a linear transformation is a 
transitory object depending on the fortuitous choice of a vector basis and 
other conventions, whilst the use of determinants is almost entirely avoided. 
For the sake of greater generality the domain of scalars is often taken to be a 
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division ring rather than a field, which makes it necessary to distinguish 
between left and right vector spaces. This point of view leads to some rather 
surprising results: for instance, it is found that if complementary bases are 
used in the underlying space and its conjugate space then the matrix of the 
linear transformation and that of its transpose are equal (p. 58). Again, 
familiar concepts like the Kronecker product, when analysed abstractly, 
appear to be much more involved than the formal treatment suggests. 

The book opens with a chapter on abstract vector spaces of finite dimension. 
This is followed by a discussion of linear transformations and their matrices, 
and of conjugate spaces and the transposition of a linear transformation. 
Next comes a full treatment of elementary divisors and of various canonical 
forms of a single matrix. Sets of linear transformations give rise to the de- 
finitions of reducibility and decomposability. The chapter on bilinear forms 
includes an account of Witt’s generalization of the signature of a quadratic 
form. The concept of a product of vector spaces furnishes an introduction to 
tensor spaces and their symmetry classes. The structure of the ring of all 
linear transformations of a finite-dimensional vector space is examined, and 
the isomorphic mappings between such spaces are expressed in terms of 
semi-linear transformations. The final chapter is devoted to infinite-dimen- 
sional vector spaces and, in particular, to the author’s work on dense rings of 
linear transformations, an interesting topic in which algebra, topology and 
analysis meet. 

There are numerous examples and exercises. The latter include substantial 
discoveries by distinguished mathematicians and in such cases it would be 
desirable to give the exact reference, and not only the author’s name, since 
even the most gifted student may be pardoned for failing to obtain the 
answer unaided. 

Two very minor criticisms are that the index might be more complete, and 
that cross references would be helped by indicating the numbers of chapters 
and sections at the top of each page. 

There is little doubt that the present volume, like its predecessor in this 
series, will become one of the chief text-books for advanced students of algebra. 
Professor Jacobson has succeeded in writing a modern work which nevertheless 
acquaints the reader with the indispensable facts of the relevant classical 
theories. W. LEDERMANN. 


Linear Operators. By R.G. Cooke. Pp. vii, 454. 52s. 6d. 1953. (Mac- 
millan) 

This book can be regarded as a continuation of the author’s earlier book, 
Infinite matrices and sequence spaces, reviewed in the Gazette, XXXV, 276-9. 
Infinite matrices treated there include matrices which are linear operators on 
spaces of infinite sequences. The present work is not intended to be ex- 
haustive, but concentrates upon those aspects which specially interest the 
author, and which have been the subject of his lectures to post-graduate 
students at Birkbeck College, London. While providing a very good intro- 
duction to the study of linear operators, Dr. Cooke has succeeded in giving the 
reader a clear and comprehensive picture of modern developments in various 
directions. The material treated here, much of it not previously available in 
English, is a most valuable supplement to the existing literature. 

Chapter 2 gives an excellent short account to the pure mathematician of the 
early work done in quantum mechanics, dealing with infinite matrices of the 
Heisenberg theory, with Schrédinger’s wave equation and the corresponding 
spectral problems, and with the connection between them. Chapter 1 con- 
tains the definitions and establishes the main properties first of the Hilbert 
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functional space and then of the abstract Hilbert space which are generalisa. 
tions of the Hilbert vector space treated in Infinite matrices. An abstract 
Hilbert space is a linear metric space of infinite dimensions which is separable 
and complete under its metric. Chapter 3 gives definitions and properties of 
linear operators in abstract Hilbert space. The operator « is linear if «(f + q)= 
af + og and acf=ca«f for elements of the space f, g and scalars c. Adjoint of an 
operator, bounded operator, projector, maximal and hypermaximal operator 
are defined and an account is given of von Neumann’s theory of deficiency 
indices. 

Chapters 4 and 5 deal with spectral theories of linear operators and with the 
problem of the resolution of unity. For a given operator « in abstract Hilbert 
space the properties of the spectrum—values of A for which «f=Af has non. 
trivial solutions—are investigated. If « is Hermitian then dA is real, and there 
may exist a range of projectors E(X) such that the integral 


{" AP d {|| (A) fi2} 


x 


is convergent, and then 


D 
a | Ad {E (A)} 
—@D 

Such a range of projectors is called ‘‘ a resolution of unity belonging to «”. 
Chapter 4 is devoted to the first proof of existence given for unbounded 
operators, that of von Neumann, who proved that if « is hypermaximal, there 
is exactly one resolution of unity belonging to «. In chapter 5 three more proofs 
are given in detail, those of Lengyel, of Cooper, and of F. Riesz and Lorch. 
Cooper’s proof given here is a shortened version of his original proof, the 
modifications here being made by Cooper himself. In this proof the hypo- 
thesis that « is hypermaximal is replaced by the hypothesis that « satisfies 
Schrédinger’s time dependent equation 


dis 
ai, WO)=S. 
Other theories of Lengyel and Stone, of Riesz and of Wintner are also outlined 
here. 

Chapter 6 contains an account of the theory of infinite matrix rings as de- 
veloped by Kéthe and Toeplitz, by Weber, and recently completed by Allen. 
The notation is the same as in Infinite matrices, Chapter 10. The topics 
treated here include homeomorphic sequence spaces, associative matrix 
spaces, matrix rings, maximum matrix rings, various types of convergence 
and limit in matrix spaces and in matrix rings. This chapter contains many 
interesting results of Allen’s published here for the first time. I know of no 
other book thet contains any account of the extensive work done in this sub- 
ject. Chapter 7 is a very clear introduction to the modern theory of Banach 
algebras (normed rings) developed mainly by Gelfand. A Banach algebra is a 
complete normed linear space in which multiplication is defined, and for which 
xy|<!'x|! |'y| holds. It is assumed here that a unit element exists and that 
multiplication is commutative. The theory of ideals, of maximal ideals, and 
of quotient algebras modulo these ideals is developed, and it is proved that a 
quotient algebra modulo a maximal ideal is a ‘* Banach field ” isomorphic 
to the complex field. Important applications are given by Wiener’s theorems 
on absolutely convergent trigonometric series and integrals. A section is 
devoted to a new theory of positive Radon measures compiled by Edwards. 
Another section treats Banach algebras with involution, and as an application 
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it gives Raikov’s proof of Bochner’s theorem on positive definite functions. 
The chapter concludes with a section on Banach algebras without unit, and 
with applications to theorems of Wiener on the closure of translations. There 
isa very extensive bibliography, an index of names referred to in the text, and 
a complete general index. 

The book is well written, and can be followed by any reader of honours 
graduate standard in mathematics who has some knowledge of infinite matrices 
and sequence spaces. I believe this book will become a standard work of 
reference for advanced students of physics or mathematics as well as for the 
mathematical specialist. P. VERMES. 


Analytic Functions. By 8. Saks and A. ZyamunbD. Pp. viii, 451. $6.50. 
1952. Monografje Matematyczne, Tom XXVIII (Polskie Towarzystwa 
Matematycznego, Warszawa) 

The book, Funkcje Analityczne, was written in 1938. This translation by 
E. J. Scott is the first English edition, and is indeed most welcome. It is a 
thorough and comprehensive text, covering considerably more than most 
introductions to the theory ; but its chief assets are its clarity and originality 
of presentation. It is roughly divided into two : the first six chapters leading 
up to conformal transformations and analytic functions, while the last three 
chapters are on specialised functions. 

In the first half, as the authors point out in the preface, they steer the middle 
road between the ** geometric ” and ‘‘ arithmetic ”’ approaches to the subject, 
in that they make full use of topological ideas, but take nothing on trust. 
All the necessary foundations are proved and intuitive geometric notions are 
defined precisely, which is most satisfying to the student. The book therefore 
starts with a good introduction of forty pages on topology. The Jordan 
Curve Theorem is a typical example of a result which is assumed in nearly all 
other expositions, but which the authors here avoid, since they obviously have 
not space to prove it. It is however proved for a polygon, for use in the 
Schwarz-Christoffel formulae. At first’ sight this seems a serious limitation, 
say for Cauchy’s Theorem, but a reasonably general case of the latter is 
achieved by early introduction of Runge’s Theorem (expressing a holomorphic 
function as the limit of polynomials). 

The net result is a sophisticated approach, which would be fairly hard going 
for a beginner, but which reaps elegant rewards later (such as Riemann’s 
Theorem on conformal mapping and Picard’s Theorems). For instance the 
student is asked to master normal families of functions (i.e. families in which 
every sequence has an almost uniformly convergent subsequence) before he is 
allowed to see the exponential function. So that although the preface claims 
“ the entire content is theoretically accessible to the first year student ”’, it is 
more suited to the second and third years. On the other hand, the style is 
delightfully lucid, particularly at the very points which cause students most 
trouble, such as the complex number sphere, the branches of a function, and 
singularities. The chapter explaining analytic functions themselves (by the 
Weierstrassian approach) is a very full and beautiful treatment, the best the 
reviewer has seen. 

The final three chapters are more specialised, although the authors manage 
to preserve a unity of concept. In particular they deal with entire functions 
and Picard’s Theorem, elliptic and modular functions, Dirichlet series, and 
I'(s) and ¢(s). 

The type and lay-out is pleasant, and there is a comprehensive index. 
Exercises are chosen and placed well. Diagrams are few but good. A list of 
47 errata is attached, and the reviewer noticed a few other small misprints. 
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Summing up: this is the book for the brighter student. It is written wit)! 
an eye to the ‘‘ expanding horizons and perspectives of the Theory ”’, ani 
provides an invaluable introduction, not only to the deeper complex variabk 
theory, but to differential geometry and number theory. BE. C. ZEEmay 


Methods of Theoretical Physics. By P. M. Morse and H. FEscuspacg, 
2 vols., pp. xxii, 1978. 120s. each vol. 1953. (McGraw-Hill) 

‘* How shall we ever recollect half the dishes for grandmamma? ”’ t 
Jane Austen, Emma 

A work whose title shows its concern with the circumnavigation of a 
continent may, as the leaves are cut open, reveal itself as built around the 
ship’s log, with descriptions and observations recorded day by day. Or we 
may find a number of more or less independent papers, each dealing with its 
own aspect of the terra incognita, and its own comments on each important 
landfall ; or again, the book may be a diary of the social events on board, 
The book under review may be classified under the * log book ”’ heading, in! 
that the treatments of subjects such as special functions or variational methods 
are kept subsidiary to the general purpose of investigating the properties of 
field equations. The equations are set up in the first few chapters, which 
relate them to their physical background in the various branches of mathe- 
matical physics. The central chapters are on the methods of solution of 
differential and integral equations and the functions arising therein, and the 
return journey treats the solutions of the equations in their own contexts, and | 
deals with particular boundary value problems. A consequence is that the 
view of prominent subjects such as Bessel functions tends to be piecewise 
continuous, consisting of sections in a number of places in the book. However, 
for reference purposes, extensive tables of results on such subjects have been col- 
lected at the end of appropriate chapters. These could have been improved had 
the results been supplied with short page references to their sources in the book. 

The book is written clearly, and gives the impression in reading of a 
structure being built up, rather than of separate sections linked together. 
Thus the book would seem to be intended for use as a textbook as much as for 
reference, and each chapter is supplied with a number of well-chosen problems. 
In general, important results deserve to have been given rather more pro- 
minence, to distinguish the gaggle from the geese, and for the sake of the 
reader’s morale. Particularly would this be desirable when the authors use a 
heuristic approach to a problem, deriving a mathematical result by means of a 
physical analogy. A mathematical reader will retain his opinion that such 
results are more clearly stated and fixed in perspective when the mathematical 
analysis is allowed to stand on its own feet. 

The book starts with the description, in Chapter 1 (pp. 1-117), of fields by 
vectors, tensors and dyadics, with spinors and quaternions and with their 
algebras. The field equations of many subjects are set up from their physical 
background, and their nature examined in Chapter 2 (pp. 119-273); and 
Chapter 3 (pp. 275-347) introduces the Lagrangian and Hamiltonian formula- 
tions of the same equations in a very careful and comprehensive manner. 

Chapter 4 (pp. 348-490) deals with Functions of a complex variable, and 
includes under this heading the Gamma and elliptic functions, asymptotic 
series, and Fourier series and integrals. 

The next three chapters are concerned with the methods of solution of 
differential equations. An extensive discussion of the conditions under which 
Laplace’s and other related equations are separable precedes a thorough treat- 
ment in Chapter 5 (pp. 492-674) of each coordinate system in which separation 
is possible. The rest of the chapter deals with series solutions of Ordinary 
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differential equations, and with integral representations for solutions. A large 
proportion of the information on the special functions is found in various parts 
of this chapter ; they are considered throughout as being particular cases of 
hypergeometric functions. 

Boundary conditions and eigenfunctions are discussed in Chapter 6 (pp. 
676-790), and solutions by means of Green’s functions in Chapter 7 (pp. 
791-894). These latter are used extensively later in the book for obtaining 
particular solutions, as well as in Chapter 8 (pp. 896-996) on Integral equations. 

In Volume II, Chapter 9 (pp. 999-1170) is concerned with Approximate 
methods. Perturbation formulas are introduced and are applied to boundary 
perturbations, and to scattering and diffraction problems. The so-called 
WKBJ method is given here, and there is a long section on variational and 
iterative methods. 

The rest of the book deals with solutions of the field equations and with 
particular problems. Solutions of Laplace’s and Poisson’s equations form 
Chapter 10 (pp. 1173-1330), the Wave equation is investigated in Chapter 11 
(pp. 1331-1582), Diffusion and wave mechanics in Chapter 12 (pp. 1584-1757) 
and Vector fields in Chapter 13 (pp. 1759-1901). Considering one of these 
chapters, the wave equation is dealt with in three sections, according to the 
number of spatial dimensions. In the two-dimensional section (pp. 1360 
1432), the authors first obtain a number of expressions relating Fourier’s in- 
tegral solutions of the equation to the Green’s functions for various sources. 
The solutions are then applied, firstly for acoustical problems and for a 
membrane to a region with a rectangular boundary. The effects of various 
types of boundary conditions are discussed, considering the conditions as 
forming a ‘‘ boundary impedance ”’ which may vary from point to point. We 
next find a treatment in polar coordinates of waves inside and radiation from 
a circular boundary, leading to scattering by a circular cylinder, by a knife- 
edge, and by a slotted cylinder. The wave equation is then examined in para- 
bolic and elliptic coordinates, and we find 24 pages devoted to manipulating 
the functions and eigenfunctions needed for various possible cases. The 
seetion concludes by applying these to acoustic and electromagnetic radiation 
from an infinite strip, and to the scattering of waves by strips. 

A number of tables of functions are given at the end of the book, and the 
possessors of stereoscopic viewers will profit from the numbers of figures which 
are drawn in stereoscopic pairs. We must compliment the authors on the 
wealth of material that they have presented—at only just over 13d. a page. 

R. B. HARVEY. 


Higher Transcendental Functions. I. II. Pp. xxvi, 302; xvii, 396. 52s. 
60s. 1953. Compiled by the staff of the Pateman manuscript project 
directed by A. ErpEty1. (McGraw-Hill) 

The late Harry Bateman’s knowledge of the special functions of mathe- 
matics was singularly wide and systematic, and he had planned a handbook 
on the grand scale, to include the history, development and bibliography 
of the topics, a plan which coming from anybody but Bateman might have 
keen termed grandiose. After his lamented death, the Office of Naval Re- 
search and the California Institute of Technology collaborated to investigate 
what could be done with Bateman’s scheme, Dr. Erdélyi went from Edinburgh 
to spend a year in Pasadena to survey the material, and a research team in 
which the chief members were Erdélyi, Magnus, Oberhettinger, and Tricomi, 
all of international repute in this field, set to work on a smaller but still vast 
project ; the first two volumes from a promised set of five are now before us. 

The encyclopedic comprehensiveness and the exhaustive bibliography have 
been renounced, and the field is restricted, probably wisely, to the fundamental 
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properties of the most important functions, with references to guide the reader 
to key papers and wider sources of information. In general, proofs are omitted, 
but where it has seemed desirable outlines are supplied from which any com. 
petent mathematician should be able to reconstruct for himself the full argu. 
ment. The chapters were allocated among the four mathematicians mentioned 
above, so that individual tastes have led to some differences of style and treat- 
ment ; this is of little importance, since the volumes are clearly for reference 
rather than for exposition. 

After a necessary preliminary chapter on the Gamma function, the first | 
volume forms a handbook on the hypergeometric function, including speciali- 
sations and generalisations—Legendre functions, MacRobert’s £-function, the 
confluent hypergeometric function, the hypergeometric function of several 
variables. Volume II begins with a chapter on Bessel functions, in which, 
naturally, the emphasis is on results obtained since the appearance of Watson’s 
authoritative classic. The function of the parabolic cylinder and the in- 
complete Gamma function follow, and then we come to orthogonal poly- 
nomials, the general harmonic polynomials, and orthogonal polynomials in 
several variables. The final chapter deals with elliptic integrals and elliptic 
functions, both Jacobian and Weierstrassian. Omission would have been 
reprehensible, but inclusion only serves to show how much this topic suffers by 
its enforced exhibition as a mass of formulae. As in the recent book by Byrd 
and Friedmann, the authors recognise the elegant systematisation which 
Neville’s functional notation provides, but stick to the classical symbolism. 

Detailed constructive criticism can come only after the book has been in 
constant use for working reference. Certainly there can be no doubt of the 
magnitude and usefulness of the achievement of its authors ; these volumes are 
essential to any respectable mathematical library. There is a subject index 
in each volume, and, equally valuable, an index of notations ; these enable the 
reader to track down rapidly not only, say, what notation is used for the 
Laguerre polynomials but also whether the authors’ L,,(x) is or is not what other 
people would call L,(x)/n!.. The material has been reproduced from vari- 
typer copy ; in spite of recent improvements this is still not up to the standard 
of first-class printing, but a most commendable attempt has been made to cope 
with the serious task of exhibiting thousands of complicated formulae in clear 
and legible fashion. We must give a warm welcome to this first instalment of 
what will be for many years to come an indispensable work of reference. 


T.A. A.B. 


An Introduction to Homotopy Theory. By P. J. Hitron. Pp. viii, 142. 
15s. 1953. Cambridge tracts, 43 (Cambridge University Press) 

This book occupies an important place in the literature of topology. The 
reader who wants to learn about homotopy theory from books rather than 
papers can find relevant material in Alexandroff and Hopf, in Lefschetz’ 
Introduction to topology, and in Steenrod’s Topology of fibre bundles ; but this is 
the first book whose main purpose it is to expound homotopy theory. 

Although there are no previous books, the subject has become very large, 
too large for the compass of a Cambridge Tract. Hilton has managed to present 
an excellent and thorough account in some 130 pages by using various short- 
cuts. He has, for instance, often referred to original papers or other books 
for long theorems already adequately proved ; he has centred attention on 
homotopy groups (whereas an encyclopaedic volume on homotopy theory 
would presumably discuss such things as deformation retracts and cohomo- 
topy groups) ; and he has given very little space either to history or to general 
description. 
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Not much is required of the reader beyond his devoted attention. He should 
be familiar with the elements of analytic topology and with homology theory 
for a finite complex ; neither cohomology theory nor singular homology 
theory are used, an indulgence to the reader rightly lamented in various foot- 
notes. The book describes absolute and relative homotopy theory ; fibre spaces, 
including those of Serre, with some applications to spaces of paths ; the work 
of Hopf and Freudenthal on homotopy groups of spheres, with extensions ; 
J. H. C. Whitehead’s cell-complexes and related results ; and finally, at some- 
what extravagant length, the techniques for calculating the homotopy groups 
of complexes of a certain class. 

The casual reader, hoping to educate himself easily, will get little from the 
book. It is a book for the serious student. For such a person, it is excellent, 
both in the clarity and discipline of the presentation and for the range of 
results covered. S. W. 


An Analytical Calculus. By EK. A. Maxwetyt. Volume I. Pp. 165. 15s. 
Volume II. Pp. 272. 18s. 1954. (Cambridge University Press) 

This set of four volumes will, when completed, lead the student right through 
his study of calculus at school and well on into the university course. The 
first volume covers rather more of the subject than would normally be intro- 
duced in the first year in the sixth form. In the first three chapters the de- 
finitions, techniques and applications of differentiation are discussed in turn, 
and integration is developed along similar lines in the remaining three. This 
volume on its own would be very suitable for a sixth form pupil who wishes 
to study mathematics as a subsidiary interest ; but it is clear that Dr. Maxwell 
has primarily in mind the mathematical specialist, and he writes all the time 
with an eye to the future. The faster worker will find some strong meat in the 
optional sections at the ends of the chapters—-the Cauchy mean value theorem, 
limits of ‘‘ indeterminate forms ”’, reduction formulae and areas of surfaces 
of revolution (this last discussed, strangely, before length of arc, which is 
postponed until Volume II). 

The second volume begins with a full account of the functions log « and e®, 
based on the integral definition; this is followed by chapters on series, 
plane differential geometry, complex numbers (but not the complex variable), 
systematic integration and ‘ integrals involving infinity”. There is an 
appendix on partial differentiation, but this is only a brief sketch, presumably 
inserted in order to cover within this volume the syllabus of certain examin- 
ations. Functions of more than one variable are to be the principal subject 
of Volume III. 

Dr. Maxwell usually maintains a sensible standard of rigour. For example, 
in the chapter on curves he assumes the existence of length, and the postulate 
lim (chord /are) = 1, 
and proceeds to build a sound theory on this basis. Integration is defined 
from the start by means of upper and lower sums, but there is no detailed 
discussion of integrability at this stage. When an assumption is made it is 
usually pointed out—although in the proof of the ‘* function of a function ’ 
theorem, after the need for special attention to the case 5u=0 had been 
mentioned, a bold ‘ it can be proved ” might have been better than the still 

ine complete treatment that is actually given. 

It is common nowadays for children to begin calculus at an early age, and 
there are places in this book where the treatment of a topic is like ly to prove 
too difficult for their immature minds. The “ epsilon ”’ definition of limit 
appears on page 7 of Volume I; Taylor’s theorem with a general form for the 
remainder occurs early in Volume II. The teacher will find it necessary to 
guide his pupils carefully, but rapidly, over sections such as these. 
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At times the book becomes weighed down with too much heavy algebra, 
For example, there is a detailed section on the evaluation of a” when both, 
constituents are complex, so that only a page is left available at the end of the 
chapter for the delightful and interesting applications of complex number 
calculus to differential geometry, and several other topics in this field have to 
be omitted entirely. The theoretical probiem of integrating rational functions 
combined with radicals is worked out in great detail, but the important sub. 
stitution ¢= tan $x is accorded only a passing mention. 

In the section on curvature the convention p>0 is adopted. This makes it 
necessary to deal with the circle of curvature in in its Cartesian form, leading 
to unwieldy formulae (and difficult to memorize) such as 


y, y Hy *) 

Yo 
rather than the almost obvious 

x=e-p sin db; 

and the relation p + 1/« appears as the result of two pages of algebra, instead 
of being deduced immediately from the equation s =a, +6. This convention is 
also likely to prove inconvenient in applications to mechanics, and it would 
seem simpler to introduce the notion of the positive normal. It is also ques- 
tionable whether the convention 0 <4 <7 is the best one to adopt for negative 
values of r. 

One of the difficulties experienced by teachers of calculus arises from the 
diversity of notation employed in the subject. Dr. Maxwell introduces his 
notation carefully, referring only to those varieties commonly encountered at 
this stage and giving ample practice to the student in the use of each. It may 
be doubted, however, whether his use of x, + 6a, for a number near to 2, is to 
be commended ; would he also allow the form 2 + 62? 

A few points of detail may be selected for criticism. Principal values of the 
inverse circular functions are not defined, so that, although an adequate 
account of their differentiation is given, there is insufficient guidance how to 
evaluate an integral such as 

n 
[ dx J(1 - 2?). 
= 


Certain statements made about integration by substitution might give the 
misleading impression that it is necessary for the variation of one variable with 


the other to be monotonic. It would be more satisfactory if the moment of 


inertia of an area (as distinct from that of a massive body) were not introduced ; 
the student will be mystified by the disappearance and reappearance of the 
density in the fprmulae. It is difficult to see why four pages are devoted to 
calculations of mean density, to the exclusion of other mean value problems. 
The corollary on p. 96 of Volume I requires the definition t=ax +b in its 
statement. Chapter X would be improved by the inclusion of more examples 
for the student. 

A few of the diagrams could have been improved: Fig. 1 is inaccurate. 
Figs. 7 and 8 should surely show the same curve, and in Fig. 23 the line through 
W (which in any case seems superfluous) does not appear to be a tangent. 
Apart from this the printing and layout of the book are excellent, and only 
two small misprints were noticed. The pupil will appreciate the absence of a 
‘‘ text-book appearance ”’. 

These books can be wholeheartedly recommended for the mathematically 
abler pupil. They are written in the attractively informal style which we have 


co 


y algebra, 
rhen. both 
end of the 
< numbe; 
d have to 
functions 
tant sub. 


makes it 
1, leading 


., instead 
ention is 
it would 
iso ques- 
negative 


rom the 
uces his 
tered at 

It may 


17, 18 to 


s of the 
dequate 
how to 


rive the 
le with 
nent of 
duced; 
- of the 
oted to 
»blems. 
? in its 
amples 


curate, 
hrough 
ingent. 
d only 
ce of a 


tically 
e have 


REVIEWS 85 


come to associate with Dr. Maxwell’s school text-books. The remaining 
volumes will be awaited with interest. D. A. QUADLING. 


Advanced Level Pure Mathematics. By C. J. TRANTER. Pp. xi, 420. 25s. 
1953. (English Universities Press) 

This book contains, in one volume of moderate size, excellently bound and 
printed attractively in reasonably large type, a course in pure mathematics 
which should take the reader from the Ordinary Level to the standard of the 
Advanced Level for non-specialists. The treatment of the subject is well 
suited to the type of reader for whom the book is intended, explanations being 
extremely clear. There is an abundance of worked examples, and the questions 
at the end of each chapter are drawn largely from public examination papers, 
and are fully representative. In some cases more questions of a drill nature 
might have been included in the chapters ; pupils reading the book without 
the aid of a teacher will often find a serious gap in difficulty between the mis- 
cellaneous sets of questions at the ends of the chapters and the easier questions 
in the chapters. Apart from this criticism the book would seem ideally 
adapted to private study use. 

According to the General Editor’s foreword the book (one of a series) has 
been written, not only to ensure the passing of examinations, but as a pre- 
paration for more advanced study. The reviewer feels that the author had 
rather lost sight of the latter aim in his anxiety to provide adequate examina- 
tion practice. The treatment is frankly utilitarian, and rarely looks ahead to 
more advanced developments. It would not, in the reviewer's opinion, be a 
suitable work for mathematical specialists to use, or for the preparation of any 
scholarship candidates at Advanced Level. 

Some criticisms of the various sections of the book follow. Algebra (Chapters 
1-3). It is not made clear that a”’? is the positive qth root of a? when q is even 
(p. 23). The rules for splitting up a single fraction into partial fractions are 
given with no explanation at all. (There are ample worked examples on the 
subject, however). It seems unnecessary to avoid the phrase ‘ sum to infi- 
nity’ in the treatment of geometrical progressions. The work on power 
series is unduly brief, only Yr? being discussed. The binomial expansion for 
(1+.2)" for n a positive integer is proved by induction, the simpler method 
using the product (1+.2,)(1+a,) ... (1+2,) not being attempted. The 
chapters on choice and chance and on the quadratic function and equation are 
excellent. 

Trigonometry (Chapters 4-6). The treatment of angles which have the same 
sine, cosine or tangent asagivenangle « is inadequate. The formula nz + (— 1)"« 
for angles with the same sine is the only one used. The discussion of the 
equation a cos «+b sin x=c is also rather slight. The work on the trigono- 
metry of the triangle, and on sin (A + B) and its consequents is very well done. 

Caleulus (Chapters 7-13). This is the best part of the book, but the be- 
ginner in this subject will feel the need for more drill examples. The various 
applications of both differential and integral calculus are well dealt with, but 
the examples lack variety, principally because of the late introduction of the 
logarithmic and exponential functions. (The reason for this is that log x is 


defined as 
dt 
Ji t 
and operations with this integral necessitate the use of change of variable.) 


The book clearly stands in need of further examples showing the applications 
of these functions in such topics as maxima and minima, areas, volumes, small 
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increments and mean values. There is no mention of partial differentiation, 
differential equations or hyperbolic functions. 

Coordinate geometry (Chapters 14-16). The treatment is adequate, except 
for an unusual approach to the perpendicular distance of a point from a line. 
The formula p — x, cos x — y, sin « is nowhere obtained. The treatment of the 
circle, ellipse, parabola and hyperbola is satisfactory. 

Pure geometry. (Chapters 17-19). The elementary course on the circle and 
similar triangles is revised and there is an adequate treatment of concurrences 
in the triangle, with the theorems of Ceva, Menelaus, Ptolemy and Simson’s 
line. The main ideas of solid geometry are introduced and the principal 
pieces of book work done. The book closes with a chapter on the mensuration 
of the main simple solids. F. J. TONGUE. 


Advanced Level Applied Mathematics. By C. G. LamBrE. Pp. xiii, 419. 
25s. 1953. (English Universities Press) 

This admirable book (similar in form to the corresponding volume on pure 
mathematics) covers all the statics, dynamics, hydrostatics and statistics 
commonly needed for Advanced (not Scholarship) Level papers in these sub- 
jects for both specialist and non-specialist pupils. The explanations of the 
bookwork are admirable and the collections of examples are excellent, being 
as good as any the reviewer has seen in any textbook of similar scope. 

In the Statics section (Chapters 1-9) more prominence might have been 
given to the “A-» theorem’. The chapters on equilibrium of coplanar 
forces and friction are particularly good. On p. 68 the author does not make it 
clear that there may be two equilibrium configurations in some cases. ‘The 
explanation of sign conventions in shearing stress and bending moment is not 
very clear (p. 123). In hydrostatics (Chapters 10-12) the work includes total 
pressure, thrust on curved surfaces, centre of pressure of plane surfaces, 
Boyle’s law, the barometer and the diving bell. There is no mention of 
metacentre. 

In Dynamics (Chapters 13-20), the constant acceleration formulae are 
obtained by integration. The introduction of the vector nature of velocity 
could well wait until Chapter 14, which is on motion in a plane. In this 
chapter the ideas of relative velocity, velocity and acceleration components, 
and the motion of projectiles, are all discussed. The discussion in Chapter 15 
of Newton’s Laws of Motion is rather confused, and in one paragraph we find 
P=mf (P in poundals, m in pounds), Pg = mf (P in Ib. wt., m in pounds) and 
P=m/f (P in pounds weight, m in slugs). The untutored reader will find this 
rather confusing. There is an excellent set of examples on the application of 
Newton’s Laws of Motion. There is a full treatment of impulsive motion in 
which direct and oblique collisions are considered. Motion in a circle, with 
the usual appligations—governors, conical pendulum, cars rounding bends, 
and also motion in a vertical circle—is well covered, but the author uses 
d’Alembert’s principle throughout the chapter, a method that many teachers 
will not approve. There is a chapter on simple harmonic motion, with a strong 
calculus flavour to the work, and the chapter ends with a short discussion of 
motion under resistances which are a function of distance or velocity. A good 
elementary course of rigid dynamics concludes this section of the book. 

Statistics (Chapter 12) is dealt with in a chapter of 20 pages, and standard 
deviation, variance, frequency distributions, median and quartiles, normal 
distribution characteristics, standard error of a mean, are all treated of, with 
copious examples. 

In the appendix, some elementary vector analysis is done, including com- 
position of vectors, differentiation, hodograph, polar components of velocit) 
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and acceleration, tangential and normal components of velocity and accelera- 
tion, scalar and vector products and vectors in mechanics. 

It is a pity that the standard of reproduction of diagrams falls below the very 
high standard of printing and binding which the press has achieved in this and 
the companion volume on pure mathematics. F. J. TONGUE. 


Calculus. By G. B. THomas. Pp. 614. $6.50. 1953. (Addison-Wesley, 
Cambridge, Mass.) 

The author’s Calculus and analytic geometry has already been welcomed in 
the Gazette (XXXVII, 160, 224), and this new book is simply the older one 
with almost all the geometry left out ; we have a hundred pages less and a drop 
in price of 2 dollars. Referring readers to the earlier reviews for more detail, 
here it may be enough to commend the new version as a pleasantly written 
and admirably illustrated account of the calculus, including multiple integrals, 
infinite series and differential equations. Tr. A. AWB. 


Squaring the Circle. By E. W. Hopson. Ruler And Compass. By H. P. 
Hupson. The Theory and Construction of Non-differentiable Functions. By 
A. N. Stneu. How to draw a Straight Line. By A. B. Kempe. Reprinted in 
one volume. $3.25. 1953. (Chelsea Co., New York) 

“Can you lend me...?” ‘‘ Where can I find a second-hand copy .. .?” 
Such requests about the books by Hobson and Miss Hudson have been dis- 
tressingly frequent of recent years, since neither book has been easy to come 
by. They are related classics, for each deals essentially with what can and 
what can not be done by euclidean construction. Styles differ, since Hobson 
sets himself a clear and well-defined goal, whereas Miss Hudson ranges over a 
wide field and exhibits a richness and variety of content, a freshness and 
vitality of treatment, hardly to be inferred from the austere title. Kempe’s 
classic pamphlet is also geometrical ; nearly eighty years old, but still perhaps 
the best simple introduction to the fascinating topic of linkages. 

Singh’s book deals with one of the fundamental problems of nineteenth 
century analysis: what if anything does continuity entail concerning differ- 
entiability? The question was of course answered by Weierstrass’s production 
of a function continuous but nowhere differentiable, and the answer was 
responsible for a shock to Weierstrass’s contemporaries and a stimulus to his 
analytical followers. In four lectures at Lucknow, Singh gave a systematic 
account of this topic. 

The Gazette has welcomed many Chelsea reprints, but this must have a 
particularly warm welcome, with only one grouse ; the cover legend, ** Squar- 
ing the circle/Hobson et al”? should remind us of the geometrical tracts but 
may serve to obscure the presence of a fine piece of analytical work. 


tT, Ae DB. 


Handbuch der Lehre von der Verteilung der Primzahlen. I, II. By E. 
LANDAU. Reprint, with appendix by P. T. Bateman. Pp. 1001. $17.50. 
1953. (Chelsea Co., New York) 

Professor Littlewood, in his Mathematician’s Miscellany, remarks that in 
1907, when he first grappled with the primes and the zeta-function, few people 
in Cambridge knew that the ‘‘ Prime Number theorem ”’ had been proved, 
and ‘‘ in any case, the work was considered very sophisticated and outside the 
main stream of mathematics ’’. Then he adds, ‘‘ All this was transformed at a 
stroke by the appearance of Landau’s book in 1909”. 

Landau was at once explorer, cartographer and administrator. Under his 
guidance progress was so rapid that Hardy and Heilbronn * in their obituary 


* Journal London Math. Soc. 13, 302-310. 
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notice of Landau say of the Primzahlen that ** almost everything in it has 
been superseded, and that is the greatest tribute to the book ”*. But while we 
may have to seek elsewhere for the latest refinements, the Primzahlen can 
still richly repay the thoughtful reader by the majestic march of its argument, 
its superb skill in marshalling the material, and its perfection of accurate 
detail ; it is a classic in the grand style, a mathematical Gibbon. 

Dr. Bateman has reprinted two short papers, in one of which Landau 
pointed the way to obtaining the error term in the prime number theorem 
without drawing so much on the theory of the zeta-function as in the main 
text, and in the other giving what is perhaps the shortest and most direct 
proof of the prime number theorem, on lines due to Wiener. (The recent and 
somewhat surprising proof by Selberg and Erdés is technically much more 
elementary, but can hardly be called simple). Dr. Bateman has also added 23 
pages of notes, which should enable the reader to determine what sections are 
out-of-date and to learn where to turn for more information. 

The Chelsea Company are to be warmly thanked for their neat and com- 
petent production of one of the greatest mathematical works of this century, 

TY. A. Ale 


A History of Astronomy from Thales to Kepler. By J. L. E. Dreyer, 
Reprinted with a foreword by W. H. Stahl. Pp. x, 438. $1.95; cloth $3.95 

The Works of Archimedes. By Sir THomas Heatu. Reprint. Pp. 
elxxxvi, 326, 51. $1.95; cloth $4.95. 1953. (Dover Co., New York) 

In these books the Dover Company gives us two more very valuable re- 
prints. The first is Dreyer’s careful, scholarly and readable account of pre- 
Newtonian cosmology, originally published as A History of the Planetary 
Systems from Thales to Kepler, Although the earlier chapters need supple- 
menting by a more thorough account of the Babylonian influence on Creek 
thought, Dreyer’s volume remains an unsurpassed introduction to its field. 

Besides a translation of the Works, the second volume contains Heath’s 
superb critical introduction and his translation of the Method, originally 
issued as a supplement ; Heath’s treatise appeared in 1897, and Heiberg’s 
discovery of the manuscript of the Method occurred in 1906. Archimedes’ 
line of attack, completely hidden under the polished synthetic exposition of 
his main treatises, is laid bare in the Method, which will therefore always be of 
supreme interest to the student of the historic development of mathematical 
thought. 

The impecunious private student will hardly complain at $1.95 for the 
paper-backed editions ; libraries may be well advised to take the more stoutly 
bound copies. T.. A. A,B 


Foundations of Potential Theory. By O. D. Ketiocc. Reprint. Pp. 
ix, 384. Paper, $1.95; cloth $3.95. 1954. (Dover Publications, New York) 

This Dover reprint, available in two styles of binding, is very welcome, for it 
provides perhaps the best introduction in English to potential functions. The 
author combines in one volume the physical approach and the strict mathe- 
matical doctrine. Methods likely to be unfamiliar to the general reader are 
expounded briefly but lucidly, the difficulties of a problem are explained 
before their detailed investigation begins, and even historical and critical 
comment is worked into the comparatively small compass of 400 pages ; 
this last point is particularly effective in the final chapters, which deal with the 
fundamental existence theorems of Dirichlet and Neumann. Although the 
original Springer volume appeared in 1929, the contents have not been 
seriously out-moded during a quarter of a century, and the reprint is excellent 
value for the money. TA.A.B. 
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